International Journal of Current Research in Science and Technology
Volume 3, Issue 9 (2017), 13-19.
ISSN: 2394-5745

Available Online: http://ijerst.in/

International Journal of Current Research in Science and Technology

A-Mildly Normal Spaces and some Functions in
Generalized Topological Spaces

Research Article

P.Jeyalakshmi*

Department of Mathematics, P. M. Thevar College, Usilampatti, Madurai, Tamil Nadu, India.

Abstract: In this paper we introduce the notion of regular gy-closed (rgx-closed) sets and by using rgy-closed sets we obtain a
characterization of A-mildly normal spaces and use it to improve the preservation theorems of A-mildly normal spaces.

MSC: 57C10, 57C08, 57C05.

Keywords: Almost (g, p)-continuity, almost (rgy, p)-continuity, A-mildly normal space, (), u)-rc-preserving, rgy-irresolute.
© JS Publication.

1. Introduction and Preliminaries

In [2, 3], Csaszar founded the theory of generalized topological spaces, and studied the extremely elementary character of
these classes. Especially he introduced the notions of continuous functions on generalized topological spaces, and investigated
characterizations of generalized continuous functions (= (A, p)-continuous functions in [5]). In [9, 10, 11], Min introduced
the notions of weak (A, p)-continuity, almost (A, u)-continuity, (o, p)-continuity, (o, p)-continuity, (w, p)-continuity and (3,
u)-continuity on generalized topological spaces. In this paper we introduce the notion of regular gx-closed (rgx-closed) sets
and by using rg,-closed sets we obtain a characterization of A-mildly normal spaces and use it to improve the preservation

theorems of A-mildly normal spaces.

Definition 1.1 ([3]). Let X be a nonempty set and p be a collection of subsets of X. Then u is called a generalized topology
(briefly GT) on X if ¢ €p and G; € p for i € I#¢p implies G = Uijer G; € p. We call the pair (X, 1) a generalized topological
space (briefly GTS) on X. The elements of p are called p-open sets and their complements are called u-closed sets. The
generalized closure of a subset S of X, denoted by c,(S), is the intersection of u-closed sets including S. And the interior of

S, denoted by i, (S), is the union of u-open sets contained in S.

Definition 1.2. Let (X, \) be a generalized topological space and ACX. Then A is said to be
(1). X-semi-open [2] if AC cx(in(A)),

(2). A-preopen [2] if AC ix(ca(4)),

(3). A-a-open [2] if AC ix(cx(ix(A)));
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(4). A-B-open [2] if AC cx(ix(ca(A))),
(5). A-regular open [10] if A= ix(cx(A)).

The complement of A-semi-open (resp., A-preopen, A-ai-open, A-B-open, A-b-open, A-reqular open) is said to be \-semi-closed
(resp., A-preclosed, A-a-closed, \-B-closed, A-b-closed, A-regular closed).

Let us denote by o (Ax ) (briefly ox or o) the class of all A\-semi-open sets on X, by w(Ax ) (briefly mx or 7) the class of all
A-preopen sets on X, by a(Ax ) (briefly ax or «) the class of all A-a-open sets on X, by B(Ax) (briefly Bx or B) the class

of all \-B-open sets on X, by p(Ax ) (briefly px or p) the class of all A\-regular open sets on X.

Definition 1.3 ([4]). Let (X, \) and (Y, p) be GTS’s. Then a function f: (X, \) = (Y, ) is said to be (A, p)-continuous

if for each p-open set U in Y, f~1(U) is A-open in X.

Definition 1.4 ([7]). A subset A of a GTS (X, \) is called a generalized A-closed set (briefly ga-closed) if cx(A) C U

whenever A C U and U is M-open in (X, \). A subset A is said to be gr-open if X — A is gr-closed.

Definition 1.5 ([6]). A GTS (X, \) is said to be A-compact if every A-open cover of X has a finite A-open subcover.
Definition 1.6. Let (X, \) and (Y, u) be GTS’s. Then a function f: (X, \) = (Y, u) is said to be

(1). (g, w)-continuous [11] if for each p-open set Uin Y, f~1(U) is gx-open in X,

(2). almost (A, p)-continuous [8] if for each p-regular open set Uin Y, f~1(U) is X-open in X,

Definition 1.7 ([1]). Let (X, A\) be a GTS. Then the space X is said to be almost A-regular if for each F € \-RC(X) and

each point x € X — F, there exists disjoint A-open sets U and V such that x € U and F C V.

Definition 1.8 ([12]). A GTS (X, A\) is said to be X\-T if for any distinct pair of points © and y in X, there is an A-open

set U i X containing x but not y and an A-open set V in X containing y but not x.

Definition 1.9 ([12]). Let (X, \) be a strong GTS. Then X is called an \-Ts space if it satisfies the following \-Ts-separation

condition, if x ¢ F where F is A-closed, then there exists Uy € Ax and Ur € X such that F C Ur and Uy N Ur = ¢.
Definition 1.10 ([12]). A A-Ti-space is called a A-regular space if it is a A\-Ts-space.
Definition 1.11 ([9]). Let (X, A\) and (Y, u) be GTS’s. Then a function f: (X, X\) — (Y, p) is said to be (A, p)-open if

the image of each \-open set in X is an p-open set of Y.

2. Regular g),-Closed Sets

Definition 2.1. A subset A of a GTS (X, ) is called a regular generalized A-closed set (briefly rgx-closed) if cx(A) C U

whenever A C U and U is A- regular open in (X, A). A subset A is said to be rgx-open if X — A is rgx-closed.
Remark 2.2. We have the following implications for properties of subsets:

A-reqular closed — A\-closed — gx-closed — rgx-closed
where none of these implications is reversible as shown by the following Examples 3.3.

Example 2.3. Let (X, \) be a GTS such that
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(1). X ={a, b, c} and X\ = {9, {a}, {a, b}}. Then {b, c} is A-closed but not \-regular closed and also {a, c} is gr-closed

but not \-closed.
(2). X ={a, b, ¢} and A = {¢, {a}, {a, b}, {a, ¢}, X}. Then {a, b} is rgr-closed but not gx-closed.

Definition 2.4. Let (X, \) be a generalized topological space. A set S C X is said to be quasi H-\-closed relative to X if
for every cover {Us : a € A } of S by A-open sets of X, there exists a finite subfamily Ao C A such that S C U{ea(Ua) : @

€ Ao}. If X is quasi H-\-closed relative to X, then it is called quasi H-\-closed.
Proposition 2.5. If a space X is almost \-reqular and a subset A of X is quasi H-\-closed relative to X, then A is rgx-closed.

Proof. Let U be any A-regular open set of X containing A. For each x € A, there exists an A-open set V(x) such that x
€ V(x) C ca(V(x)) C U. Since {V(x) : x € A} is an A-open cover of A, there exists a finite subset Ao of A such that A C

{ea(V(x)) : x € Ap}. Therefore, we obtain A C cx(A) C U{ca(V(x)) : x € Ag} C U. This shows that A is rgx-closed. O
Corollary 2.6. If a space X is A-reqular and A is a A-compact set of X, then A is rgx-closed.

Proof. Every M-regular space is almost A-regular and every A-compact set of X is quasi H-A-closed relative to X. Therefore

it is an immediate consequence of Proposition 3.5. O
Corollary 2.7.
(1). Every A-compact subset of a A-regular space is gx-closed.

(2). Every A-compact subset of a A-regular space is rgx-closed.

3. Characterization of Mildly Normal Spaces

Definition 3.1. A GTS (X, A\) is said to be A\-mildly normal if for every pair of disjoint H, K € A\-RC(X), there exist
disjoint A-open sets U, V of X such that HC U and K C V.

Lemma 3.2. A subset A of a GTS (X, \) is rgx-open if and only if F C ix(A) whenever F € A\-RC(X) and F C A.
Theorem 3.3. The following are equivalent for a GTS (X, \):

(1). X is A-maldly normal;

(2). for any disjoint H, K € \-RC(X), there exist disjoint gx-open sets U, V such that HC U and K C V;

(3). for any disjoint H, K € \-RC(X), there exist disjoint rgx-open sets U, V such that HC U and K C V;

(4). for any disjoint H € A\-RC(X) and any V € \-RO(X) containing H, there exists a rgx-open set U of X such that H C
UC ex(U)C V.

Proof. 1t is obvious that (1) implies (2) and (2) implies (3).

(3) = (4) : Let H € A-RC(X) and H C V € \-RO(X). There exist disjoint rgx-open sets U, W such that H C U and X —
V C W. By Lemma 4.2, we have X — V C i3 (W) and U N iy (W) = ¢. Therefore, we obtain cx(U) N ix(W) = and hence H
CUCe(U)CX—-ix(W)CV.

(4) = (1) : Let H, K be disjoint A-regular closed sets of X. Then H C X — K € A-RO(X) and there exists a rgx-open set G
of X such that H C G C ¢(G) C X — K. Put U = i5(G) and V = X — ¢(G). Then U and V are disjoint A-open sets of X

such that H C U and K C V. Therefore X is A-mildly normal. O
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4. Some Functions

Definition 4.1. A function f : (X, \) — (Y, ) is said to be almost (gx, p)-continuous (resp almost (rgx, p)-continuous)
if 71 (R) is gr-closed (resp. rga-closed) for every R € A\-RC(Y). We shall recall the definitions of some functions used in

the sequel.

Definition 4.2. A function f: (X, \) = (Y, ) is said to be

(1). (rgx, p)-continuous if f~*(F) is rgx-closed for every u-closed set F of Y;

(2). Rx-map if for each p-reqular open set U in Y, f1(U) is A-reqular open in X,

(3). Completely (X, p)-continuous or (X, u)-regular continuous if {*(V) € \-RO(X) for every u-open set V of Y.
(4). rgx-irresolute if {1 (F) is rgr-closed in X for every rg,-closed set F of Y.

From the definitions stated above, we obtain the following diagram:

DIAGRAM I

complete (X, p)-continuity — Rx-map

T 1
(A, p)-continuity — almost (A, p)-continuity

t 1

(9, p)-continuity — almost (gx, u)-continuity

t 1

(Tgx, p)-continuity — almost (rgx, p)-continuity

Remark 4.3. None of the implications in DIAGRAM 1 is reversible as shown by the following Examples.

Example 4.4. Let X ={a, b, ¢, d}, A ={¢, {a}} and un = {¢, {a}, {c}, {a, b}, {a, ¢}, {a, b, c}}. Then the identify function
(X, A) = (X, ) is (A, p)-continuous and almost (N, u)-continuous. But it is neither completely (A, w)-continuous nor

an Rx-map.
Example 4.5.

(1). Let X ={a, b, ¢}, N = {9, {a}} and p = {¢, {a}, {b}, {a, b}}. Then the identify function f: (X, \) = (X, p) is
(9, w)-continuous but not almost (A, u)-continuous. Therefore, (N, p)-continuity (resp. almost (\, p)-continuity) is

strictly stronger than (g, u)-continuity (resp. almost (gx, p)-continuity).

(2). Let X ={a, b, c}, A = {¢, {a}, {a, b}} and p = {¢, {a}, {a, c}}. Then the identify function f: (X, \) = (X, n) is

an Rx-map and (rgx, p)-continuous. But it is not (gx, p)-continuous.

(3). Let X ={a, b, c}, A = {¢, {a}, {c}, {a, c}} and u = {¢, {a}, {b}, {a, b}}. Then the identify function f: (X, \) —

(X, 1) is almost (rgx, pu)-continuous. But it is neither almost (g, u)-continuous nor (rgx, p)-continuous.
Definition 4.6. A GTS X is said to be A-reqular Ty o if every rgx-closed set of X is A-regular closed.

Proposition 4.7. If a function f: (X, \) — (Y, ) is (rgx, p)-continuous and X is A-reqular Ty, then f is completely

(A, w)-continuous.
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Proof.  Let F be any p-closed set of Y. Since fis (rg», u1)-continuous, f~*(F) is rgx-closed in X and hence f~*(F) € A-RC(X).

Therefore, f is completely (A, u)-continuous. O

Remark 4.8. FEvery rgx-irresolute function is (tgx, u)-continuous but not conversely as shown by the following example.

Example 4.9. Let X = {a, b, ¢} X = {9, {a}, {a, b}} and p = {¢, {a}}. Then the identity function f : (X, \) = (X, u)

is (A, p)-continuous and hence (g, u)-continuous but not rgx-irresolute.
Corollary 4.10. If f: (X, A) — (Y, p) is rgs-irresolute and X is A-reqular T ,5, then fis A-regular irresolute.
Definition 4.11. A function f: (X, \) — (Y, u) is said to be

(1). (N, p)-regular closed (resp. (gx, u)-closed, (rgx, p)-closed) if f(F) is u-reqular closed (resp. g,-closed, rg,-closed) in Y

for every A-closed set F of X;

(2). (X, p)-rc-preserving (resp. almost (X, p)-closed, almost (gx, p)-closed, almost (rgx, p)-closed) if f(F) is p-regular closed

(resp. p-closed, g.-closed, rg,-closed) in Y for every F € A-RC(X).

From the definitions stated above, we obtain the following diagram:

DIAGRAM II
(A, p)-regular closed — (A, p)-re-preserving
T 1
(A, p)-closed — almost (A, p)-closed
1 !
(gx, p)-closed — almost (gx, p)-closed
t 1

(rgx, p)-closed — almost (rgx, u)-closed

Remark 4.12. The following Example and the inverse function f' : (X, u) — (X, X) in Ezamples 5.5 enable us to realize
that none of the implications in DIAGRAM II is reversible.

Example 4.13. Let X = {a, b, c}, A = {¢, {a}, {a, b}} and p = {¢, {a},{b},{a, b},{a, c}}. Then the identity function f
(X, A) = (X, u)is (A, p)-closed but not (N, u)-re-preserving.

Proposition 4.14. Let f: (X, \) — (Y, p) be a function. Then,
(1). if fis (rgx, p)-continuous (X, w)-rc-preserving, then it is rgx-irresolute;

(2). if fis an Rx-map and rgx-closed, then f(A) is rgu-closed in Y for every rgx-closed set A of X.

Proof.

(1). Let B be any rg,-closed set of Y and U € A-RO(X) containing f~*(B). Put V =Y — f(X — U), then we have B C V,
f71(V) € U and V € p-RO(Y) since f is (\, p)-rc-preserving. Hence we obtain c,(B) € V and hence f~'(c,(B)) C U.
By the (rgx, p)-continuity of f, we have cx(f~* (B)) C ca(f ! (c.(B))) € U. This shows that f~1(B) is (rgx, u)-closed in

X. Therefore f is rgx-irresolute.

(2). Let A be any rgy-closed set of X and V € u-RO(Y) containing f(A). Since f is an Ry-map, (V) € A-RO(X) and A
f~1(V). Therefore, we have cx(A) C (V) and hence f(cy(A)) C V. Since f is (rgy, p)-closed, f(cx(A)) is rg,-closed in
Y and hence we obtain cx(f(A)) C ca(f(ca(A))) C V. This shows that f(A) is rg,-closed in Y. O
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Corollary 4.15. Let f: (X, A\) = (Y, n) be a function. Then,
(1). if fis (N, u)-continuous and (X, u)-reqular closed, then f~*(B) is rgx-closed in X for every rg,-closed set B of Y.
(2). if fis Rx-map and (A, p)-closed, then f(A) is rg.-closed in Y for every rgx-closed set A of X.

Proposition 4.16. A surjection f: (X, \) — (Y, p) is almost (rgx, p)-closed (resp. almost (gx, p)-closed) if and only if
for each subset S of Y and each U € A-RO(X) containing f~*(S) there exists an rg,-open (resp. gu-open) set V of Y such
that S C Vand f1(V) C U.

Proof. We prove only the first case, the proof of the second being entirely analogous.

Necessity. Suppose that f is almost (rgx, u)-closed. Let S be a subset of Y and U € A-RO(X) containing f~*(S). Put V =
Y — f(X — U), then V is an rg,-open set of Y such that S C V and f~'(V) C U.

Sufficiency. Let F be any A-regular closed set of X. Then f~'(Y — f(F)) € X — F and X — F € A-RO(X). There exists an
rg,-open set V of Y such that Y — f(F) C V and (V) C X — F. Therefore, we have f(F) CY — Vand F C f1(Y — V).
Hence, we obtain f(F) =Y — V and f(F) is rg,-closed in Y. This shows that f is almost (rgx, p)-closed. O

5. Preservation Theorems

In this section we investigate preservation theorems concerning A-mildly normal spaces.

Theorem 5.1. If f: (X, \) — (Y, u) is an almost (rgx, p)-continuous (A, u)-re-preserving (resp. almost (\, u)-closed)

ingection and Y is u-mildly normal (resp. p-normal), then X is A-mildly normal.

Proof. Let A and B be any disjoint A-regular closed sets of X. Since f is an (A, u)-re-preserving (resp. almost (X, u)-closed)
injection, f(A) and f(B) are disjoint u-regular closed (resp. p-closed) sets of Y. By the pu-mild normality (resp. p-normality)
of Y, there exists disjoint p-open sets U and V of Y such that f(A) C U and f(B) C V. Now, put G = i,(c.(U)) and
H = iy(cu(V)), then G and H are disjoint p-regular open sets such that f(A) C G and f(B) C H. Since f is almost (rga,
w)-continuous, f~!(G) and £~ (H) are disjoint rgx-open sets containing A and B, respectively. It follows from Theorem 4.3

that X is A-mildly normal. O

Theorem 5.2. If f: (X, \) = (Y, u) is a completely (A, p)-continuous, almost (gx, p)-closed surjection and X is A-mildly

normal, then Y is pu-normal.

Proof. Let A and B be any disjoint u-closed sets of Y. Then f~*(A) and f~'(B) are disjoint A-regular closed sets of X.
Since X is A-mildly normal, there exists disjoint A-open sets U and V of X such that f~'(A) C U and f}(B) C V. Let G
= ix(cA(U)) and H = ix(ca(V)), then G and H are disjoint A-regular open sets such that f~'(A) C G and f~'(B) C H. By
Proposition 5.16, there exists g,-open sets K and L of Y such that A C K, B C L, f (K) € G and f (L) C H. Since G
and H are disjoint, so are K and L. Since K and L are g,-open, we obtain A C i,(K), B C i,(L) and i,(K) € i, (L) = ¢.

This shows that Y is py-normal. O

Corollary 5.3. If f: (X, A\) = (Y, p) is a completely (A, p)-continuous (A, p)-closed surjection and X is A-mildly normal,

then Y is p-normal.

Theorem 5.4. If f: (X, A\) = (Y, p) be an Rx-map (resp. almost (A, pu)-continuous) and almost (rgx, p)-closed surjection.

If X is A-mildly normal (resp. A-normal), then Y is u-mildly normal.



P.Jeyalakshmi

Proof. Let A and B be any disjoint p-regular closed sets of Y. Then f~!(A) and f~*(B) are disjoint A-regular closed (resp.
A-closed) sets of X. Since X is A-mildly normal (resp. A-normal), there exists disjoint A\-open sets U and V of X such that
f71(A) C U and f*(B) C V. Let G = ix(ca(U)) and H = ix(ca(V)), then G and H are disjoint A-regular open sets such
that f~*(A) C G and f~*(B) C H. By Proposition 5.16, there exists rg,-open sets K and L of Y such that A C K, B C L,
f~1(K) € G and f~'(L) C H. Since G and H are disjoint, so are K and L. It follows from Theorem 4.3 that Y is y-mildly

normal. O
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