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1. Introduction

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975 [9]. Bhattacharya [1] gave some remarks on fuzzy graphs.
Some operations on fuzzy graphs were introduced by Mordeson.J.N. and Peng.C.S. [2]. Zadeh 1965 [3] introduce a math-
ematical frame work to describe the phenomena of uncertainty in real life situation has been suggested. Research on the
theory of fuzzy sets has been witnessing an exponential growth; both within mathematics and in its applications. This
ranges from traditional mathematical subjects like logic topology, algebra, analysis etc. to pattern recognition, information
theory, artificial intelligence, operations research, neural networks and planning etc. Yeh and Bang [4] have also introduced
various concepts in connectedness in fuzzy graphs. The operations of union, join, Cartesian product and composition on
two fuzzy graphs were defined by Mordeson.J.N. and Peng.C.S [2]. Sunitha. M. S and Vijayakumar. A discussed about
the complement of the operations of union, join, Cartesian product and composition on two fuzzy graphs. The degree of
a vertex in some fuzzy graphs and the Regular property of fuzzy graphs which are obtained from two given fuzzy graphs
using the operations union, join, Cartesian product and composition was discussed by Nagoorgani. A and Radha. K. [7].
The degree of a vertex in Alpha, Beta, Gamma Product of fuzzy graphs and the Regular property of fuzzy graphs which
are obtained from two given fuzzy graphs using the operations Beta and Gamma Product was discussed by Nagoorgani. A
and Fathima Kani. B. [11]. In this paper we study about the total degree of vertex in Beta Product and Gamma Product
of fuzzy graphs and the Totally Regular property of Beta product and Gamma Product of two fuzzy graphs. First we go

through some basic definitions which can be found in [1-10].
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Totally Regular Property of Beta and Gamma Product of Fuzzy Graphs

2. Basic Definitions

Throughout this paper, V is assumed to be finite

Definition 2.1 ([1]). A fuzzy subset of a set V is a mapping o from V to [0, 1]. A fuzzy graph G is a pair of functions
G : (o, u) where o is a fuzzy subset of a non empty set V and p is a symmetric fuzzy relation on o, (i.e.) p(uv) = o(u)Ao(v).

The underlying crisp graph of G : (o, ) is denoted by G* : (V, E) where ECV xV.

Definition 2.2 ([1]). If u(uv) = o(u)Ac(v) for all u,v€V, then G is called a complete fuzzy graph. The Complement G*
of a graph G* also has V(G) as its vertices set, but two vertices are adjacent in G* if and only if they are not adjacent in
G*. The degree dg= (v) of a vertex v in G* is the number of edges incident with v. We have dg= (v) + dg* (v) = p —1 where

p is the number of vertices in G.

Definition 2.3 ([5]). Let G : (o, ) be a fuzzy graph. The degree of a vertex u in G is defined by

do () =Y p(uo) = 3 p(uv).

u#v uweE

Definition 2.4 ([7]). Let G : (o, u) be a fuzzy graph on G*. The total degree of a vertex u€V is defined by

tde (u) = 3 p (uv) +5 (u)=de (u) +0 (u)
uFv
If each vertex of G has the same total degree k, then G is said to be a totally reqular fuzzy graph of total degree k or a k-totally

reqular fuzzy graph.

Notation 2.5 ([4]). The relation o1 = 2 means that o1 (u) = p2 (€), ¥V u€Vi and V e€Es where o1 is a fuzzy subset of Vi

and p2 is a fuzzy subset of Fo.
Lemma 2.6 ([4]). If G1 : (s1,11) and Gz : (02, u2) are two fuzzy graphs such that o1 = us2, then o2 = 1.

Lemma 2.7 ([8]). The S—product of two fuzzy graphs G1 and G2 is defined as a fuzzy graph G1 X gG2=((01Xg0o2), (p1 X gp2))
onG* : (V, E) where V = Vi xVa and E = {((u1, u2), (v1,v2))/uivi € E1;uzv2 & E2 (or) uivi € Ei;usve € Ex (or) uivy €

E1;U21}2 c Ez} with (0'1 X Uz)(ul,UQ) = Ul(ul) /\U2(u2) A (ul,ug) S V1 X ‘/2

p1 (u1v1) Ape (uzvz2) , if wivi€E1, uzv2€E,
(lul Xp /LQ) ((ulaUQ) (1)1,1)2)) = o2 (uz) No2 (1)2) Ap1 (ulvl) s ’Lf U1’U1€E1,UQ’UQ¢E2
o1 (u1) Aot (v1) Apz (ugve),  if wivi€FEr, usva€Es
Definition 2.8 ([8]). The S-product of two fuzzy graphs Gi1 and Gz is defined as a fuzzy graph Gi1 xg G2 = ((01 X3
02), (1 X5 p2)) on G* : (V,E) where V = Vi x Vo and E = {((u1,u2), (v1,v2))/u1vi € E1, ugve ¢ Eo (or) wivi ¢

Fiusvs € Fo (or) U1V € E1,U2U2 S EQ} with (0'1 Xg 0'2)(U1,’U,2) = Jl(ul) A O'Q(UQ)(Ul,UQ) vV Vi x Vs

p1(uivi) A pa(uzv2), if uivy € B, ugva € K2
(11 Xp p2)((ur, u2)(v1,v2)) = ¢ o2(u2) A o2(v2) A pr(urvr), if urvr € Er,uzvz € Es

0’1(U1) /\0’1(’01) /\MQ(UQUQ), ’iful1)1 € F1,uzvy € Es
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Definition 2.9 ([8]). The ~-product of two fuzzy graphs Gi1 and G2 is defined as a fuzzy graph G1 x G2 = ((01 X
02), (1 Xy p2)) on G* : (V,E) where V = Vi Xy Vo and E = {((u1,u2), (v1,v2))/u1 = viugve € Ez (or) uz = vz, uiv1 €
Ei (or) wivi € E1, (or) wugva € Ea (or) ugvs ¢ Ez,uivi € E1 (or) wivi € E1,usvs € Ea} with 01 X4 02 =

al(ul) /\Jg(uz)(U1,U2) eV Xy 1%}

o1(u1) A pe(u2vz), if ur = v1,ugv2 € Fs
o2(u2) A pi(uivi), if uz = va,u1v1 € By
(1 Xy p2)((u1, u2), (v1,v2)) = Qg (urv1) A pz(u2ve), if uiv1 € E1,uzv2 € Ea
o2(u2) A o2(v2) A pa(uivi), of usve € Ea,uiv1 € Ey
o1(u1) Ao1(vi) A pa(ugv2), if uivi € Ev,u2ve € Es.

Note : Throughout this paper Gi : (o1,41) and Gz : (02, u2) denote two fuzzy graphs with underlying crisp graphs
G1: (V1,Er) and G5 : (Va, E2) with |Vi| = ps, i = 1,2. Also dg;, (u;) denotes the degree of u; in G;.

Lemma 2.10 ([4]). If G1: (01,1) and G2 : (02, u2) are two fuzzy graphs such that o1 < ps2, then o2 > u1. The relation

o1 > o2 means that o1(u) > 02(v), for every u € Vi and for every v € Va, where o; is a fuzzy subset of Vi, i =1,2.

3. Total Degree of a Vertex in Beta Product of Fuzzy Graphs

For any (u1,u2) € Vi x V3

tdG, x5 (U1, uz) = > ((p1 % g p2) (ur, u2)(vi,v2)) + (01 X 02) (ur, u2)

(u1,u2)(vi,v2)EE

= Z 1 (uiv1) A pe(ugve) + Z 1 (uiv1) A o2(u2) A oz(v2)

uivi1€E, ujvi €Ly,
ugv2 €Ky ugva € Eg
+ > pa(uzve) Aoi(u) Aoi(vi) + (01 A o2)(ur, uz) 1)
uiv1€Eq,
ugvo € Eo

Theorem 3.1. Let Gi : (o1,p1) and G2 : (02,u2) be two fuzzy graphs. If o1 > p2, o2 > w1 and pu1 < p2 , then

tde, x 565 (u1, u2) = [p2 — 1]da, (1) + dg: (u1)da, (u2) + 01 (ur) A o2 (uz).

Proof. Suppose that o1 > p2, 02 > p1 and p1 < pe. Then from (1) for any vertex (ui,u2) € Vi X Va

tdG, x5Gy (U1, u2) = Z pa(uivr) + Z w1 (uivr) + Z p2(u2v2)+o1(u1) A o2 (us2)

uiv1 €L, uiv1 €K, uivi1€Eq,
ugva € By ugva & Eo ugva € Fy

= da, (u1)daz (u2) + de (u2)da, (u1) + das (u1)da, (u2) + o1 (ur) A oa(uz2)
= lday (u2) + dgy (u2)lde, (u1) + dgx (u1)da, (uz) + o1 (ur) A oa(us2)

= [p2 — 1]de, (u1) + dgx (u1)da, (u2) + 01 (u1) A o2(u2)

O
Corollary 3.2. Let G1 : (01,11) and Gz : (02,u2) be two fuzzy graphs. If o1 > p2, o2 > 1 and p1 < po, then
tday x 5Go (U1, u2) = [p2 — 1[tde, (u1) — o1(u1)] + dgx (wr)[tda, (u2) — o2 (u2)] 4 01 (u1) A o2(uz).

Proof.  Since dg, (u;) = dg; (ui) + oi(u;) — 0i(u;) = tda, (u;) — 0i(u;), replacing dg, (u;) by tda, (u;) — oi(u;), i = 1,2, in
Theorem 3.1. gives the result. (I
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Corollary 3.3. Let G1: (01,u1) and G2 : (02, u2) be two fuzzy graphs on complete crisp graphs Gi and G35 respectively. If

01> p2, 02 > i1 and pa < piz, then tda, x ., (u1, u2) = da, (u1)dey (u2) + 01(u1) A o2 (uz).

Proof. Since both G} and G35 are complete graphs, ddT (u1) = 0 and dgjy (u2) = [p2 — 1]. Therefore Theorem 3.1 becomes,

thlXBGz ('LL1,U2) = dG1 (ul)d(;; ('LLQ) —+ Ul(ul) N 0’2(11,2). O

Corollary 3.4. Let G1 : (o1,u1) and G2 : (02, u2) be two fuzzy graphs on complete crisp graphs Gi and G35 respectively. If

o1 > pa2, 02 > p1 and p1 < pa, then tda, x,cq (U1, u2) = [tda, (u1) — Ul(ul)]d(;3 (u2) + o1(u1) A oz(u2).

Theorem 3.5. Let Gy : (o1,11) and G2 : (02,u2) be two fuzzy graphs. If o1 > p2, 02 > w1 and pe < pi, then

tday x 5Ga (U1, u2) = [p1 — 1]da, (u2) + dgy (u2)da, (ur) + o1 (ur) A oa(uz2).

Proof. Suppose that o1 > u2, 02 > p1 and pe < pi. Then from (1) for any vertex (ui,u2) € Vi x Va

tdG, x 4G (U1, u2) = Z w2 (uzve) + Z p1(urvr) + Z w2 (uzv2)+o1 (u1) A o2(uz)

uiv1€E7, uiv1€E7, uiv1 €Eq,
ugv2 ¢ Eg ugv2 ¢ Eg ugv2 €Ky

= da, (u2)day (u1) + de (u2)da, (1) + dg; (u1)de, (u2) + o1 (u1) A o2(us2)
= lday (u1) + dgx (u1)]da, (u2) + day (u2)da, (wr) + o1 (ur) A o2 (us2)

= [p1 — 1]de, (u2) + dgy (u2)da, (u1) + o1 (u1) A o2(u2)

O

Corollary 3.6. Let G1 : (o1,u1) and G2 : (02,p2) be two fuzzy graphs. If o1 > pa, 02 > p1 and pe < p1 , then

tday x 5Ga (U1, u2) = [p1 — 1[tde, (u2) — 02(u2)] + dey (u2)[tda, (u1) — o1 (wr)] + o1 (u1) A o2(uz).

Corollary 3.7. Let G : (61,u1) and G2 : (02, u2) be two fuzzy graphs on complete crisp graphs Gi and G35 respectively. If

o1 > p2 , 02 > 1 and pz < pa, then tde, x 56, (U1, u2) = da, (u2)dasr (u1) + o1(ur) A o2 (us2).

Proof. Since both G} and G% are complete graphs, dd; (u2) = 0 and dgz (u1) = p1 — 1. Therefore Theorem 3.5 becomes,

thleGQ (ul,ug) =da, (UQ)dG’l‘ (ul) + 0'1(u1) N 0'2(1142)4 O

Corollary 3.8. Let G1 : (o1,u1) and Gz : (o2, pu2) be two fuzzy graphs on complete crisp graphs Gi and G5 respectively. If

o1 > p2, 02 > 1 and p2 < pn, then tda, x 46, (w1, u2) = day (ur)[tda, (u2) — o2(uz2)] + o1 (ur) A o2(uz).

Theorem 3.9. Let G1 : (o1,p1) and G2 : (02,u2) be two fuzzy graphs such that o1 < p2. Then tdclxﬁGQ(ul,uQ) =

da, (u1)[p2 — 1] + o1 (u1) [ (u1)day (u2) + 1]

Proof. We have o1 < p2. Hence 02 > p1 and o1 < 2. From (1),

tda, x 4Gy (U1, u2) = Z pr(uivr) + Z pr(uvr) + Z o1(ur) Ao1(v1) + o1(u1)

uiv1€E, uiv1€E, uiv1 € Ey,
ugvg € Egy ugva & Ey ugvy €EFEy

= da, (u1)daz (u2) + de (u2)da, (u1) + o1 (ur)dgs (u1)dey (uz) + o1 (u1)
= dg, (u1)[day (u2) + dey (u2)] + o1 (u1)[dg: (u1)das (uz) 4 1]

= dg, (w1)[p2 — 1] 4 o1 (w1)[dg; (u1)dey (u2) +1].
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Corollary 3.10. Let G1 : (o1,p1) and Gz : (o2, u2) be two fuzzy graphs such that o1 < u2. Then th1X5G2(u17u2) =

tda, (u1)[p2 — 1] + o1 (wa) [de (u1)dey (uz2) — p2 + 2]
Proof.  The proof follows by replacing da, (u1) by tda, (u1) — o1(u1), ¢ = 1,2, in Theorem 3.9. O

Corollary 3.11. Let G1 : (01,1) and G2 : (o2, pu2) be two fuzzy graphs on complete crisp graphs G7 and G5 respectively

such that o1 < pa. Then tdg, x 46, (u1,u2) = dg, (ul)dcg (u2) + o1 (u1).

Proof.  Since both G} and G3 are complete graphs, dgx (u1) = 0 and dgjg (u2) = [p2 — 1]. Therefore Theorem 3.9 becomes,

tday x 56, (U1, u2) = da, (u1)dey (uz) + o1 (u). -

Corollary 3.12. Let G1 : (o1, 1) and G2 : (02, u2) be two fuzzy graphs on complete crisp graphs G7 and G5 respectively

such that o1 < pa. Then tdg, x ;G5 (u1,u2) = tdg, ('lLl)dG; (u2) 4+ o1(u1)[2 — p2].

Proof.  Since both G] and G5 are complete graphs, dex (u1) = 0 and dgy (u2) = [p2 —1]. Therefore Corollary 3.10 becomes,

tday x 3G (w1, u2) = tda, (w1)day (u2) + o1 (u1)[2 — p2]. O

Theorem 3.13. Let G1 : (01,u1) and G2 : (02, p2) be two fuzzy graphs such that o2 < pi1. Then tda, x 3G, (u1,u2) =
day (u2)[p1 — 1] + o2 (u2)[dey (u2)dey (ur) + 1]

Corollary 3.14. Let Gy : (o1,p1) and Gz : (02, u2) be two fuzzy graphs such that oo < 1. Then thlXﬁGQ(ul,ug) =
tda, (u2)[pr — 1] + o2(u2)[dg; (u2)day (wr) — p1 + 2.

Corollary 3.15. Let G1 : (01,1) and G2 : (02, pu2) be two fuzzy graphs on complete crisp graphs G7 and G5 respectively

such that o2 < p1. Then tdg, x 46, (u1,u2) = da, (uz)dc,n{ (u1) + o2(u2).
Corollary 3.16. Let G1 : (01,11) and G2 : (02, pu2) be two fuzzy graphs on complete crisp graphs G7 and G5 respectively

such that oo < p1. Then tdg, x 564 (u1, ug) = tda, ('U/Q)dG{ (u1) + o2(u2)[2 — p1].

4. Totally Regular Property of Beta Product of Two Fuzzy Graphs

Theorem 4.1. Let G1 : (o1, p1) and G : (02, u2) be two fuzzy graphs such that o1 > pa, o2 > p1, p1 < p2 and o1 A oz s
a constant function and let G7 be a reqular graph. Then G1 Xg G2 is a totally regular fuzzy graph if and only if G1 and G2

are reqular fuzzy graphs.

Proof. Let o1(u) Ao2(v) = ¢, a constant for all u € V; and v € Va. Let G] be ri-regular graph. Assume that G1 xg G> is

a totally regular fuzzy graph. Then for any two points (u1,u2) and (vi,v2) in Vi X Va.
tda, x 3G, (U1, u2) = tde, x 4G (V1,v2)
From Theorem 3.1,

[p2 — 1]da, (u1) + dgx (u1)da, (u2) + ¢ = [p2 — 1]de, (v1) + dgx (v1)de, (v2) + ¢
= [p2 — 1]dg, (u1) + [p1 — 1 — dgx (u1)ldG, (u2) = [p2 — 1]dG, (v1) + [p1 — 1 = dgy (v1)]da, (v2)

= [p2 = Uda, (u1) + [pr =1 = mi]da, (u2) = [p2 — 1]dG, (v1) + [pr — 1 = r1]da, (v2) (2)

29
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Fix u € V4 and consider (u,u2) and (u,v2) in Vi X Vo , where ug,v2 € V5 are arbitrary. From(2),

[p2 — 1]dG, (u) + [p1 — 1 — m]da, (u2) = [p2 — 1]da, (u) + [p1 — 1 — r1]da, (v2)

= dGz (UQ) = dGz (1)2)

This is true for all us,v2 € Va. Thus G2 is a regular fuzzy graph. Fix v € V2 and consider (u1,v) and (vi,v) in V4 € Vo,

where u1,v1 € V4 are arbitrary. From (2),

[p2 —1]da, (u1) + [p1 — 1 = m]da, (v) = [p2 — 1]da, (v1) + [pr — 1 = 71]da, (v)

= dg, (u1) =dg, (v1)

This is true for all ui,v1 € Vi. Thus G; is a regular fuzzy graph.
Conversely, Let G1 be a ki1 —regular fuzzy graph and G2 be a kz—regular fuzzy graph. Then for any vertex (u1,usz) € Vi X Va,

from Theorem 3.1, tdc, x 4G, (u1,u2) = [p2 — 1]k1 + [p1 — 1 — r1]k2 + ¢. Hence G1 X g G2 is a totally regular fuzzy graph. O

Theorem 4.2. Let Gy : (01,1) and Gz : (02, u2) be two fuzzy graphs such that o1 > p2, o2 > p1, p1 < pe and o1 and o2
are constant functions and let GI be a regular graph. Then G1 Xg G2 is a totally regular fuzzy graph if and only if G1 and

G2 are totally regular fuzzy graphs.

Proof. Let c1 and c2 be the constant values of o1 and o3 respectively. Without loss of generality assume that cica. Then
o1(u) Ao2(v) = min{ci1, c2} = ¢1. Let GT be ri-regular graph. Assume that G1 X3 G2 is a totally regular fuzzy graph. Then

for any two points (u1,u2) and (vi,v2) in Vi X Va.
tday x 4Gy (U1, u2) = tda, x 4G, (V1,v2)
From Corollary 3.2,

[p2 — 1[tde, (u1) — o1(u1)] + dex (wr)[tda, (u2) — o2 (u2)] + c1 = [p2 — 1[tda, (v1) — o1 (v1)] + dgx (v1)[tda, (v2) — 02(v2)] + 1
= [p2 = 1][tde, (u1) — a1] + dgs (wa)[tda, (u2) — co] + 1 = [p2 — 1[tde, (v1) — 1] + dgx (v1)[tda, (v2) — 02(v2)] + 1

= [p2 = 1]tda, (u1) + [pr — 1 — mtda, (u2) = [p2 — 1dg, (v1) + [pr — 1 — mi]tda, (v2) 3)
Fix u € V7 and consider (u,us2) and (u,v2) in Vi x Vo where ugz,v2 X V2 are arbitrary. From (3),

[p2 — 1tdc, (u) + [p1 — 1 — rijtda, (u2) = [p2 — 1]dg, (v) + [p1 — 1 — r1]tde, (v2)
= [p1 — 1 — rijtdg, (u2) = [p1 — 1 — r1]tdg, (ve)

= da, (u2) = dag, (v2)

This is true for all ug,v2 € Vao. Thus G2 is a regular fuzzy graph. Fix v € V2 and consider (u1,v) and (vi,v) in Vi x Va

where u1,v1 € V4 are arbitrary. From (3),

[p2 — 1tdc, (u1) + [p1 — 1 = riltda, (v) = [p2 — 1de, (v1) + [p1 — 1 = ri]tde, (v)
= [p2 — 1Jtdc, (u1) = [p2 — 1]tdg, (v1)

= tdg, (ul) =tda, (Ul)
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This is true for all ui,v1 € V5. Thus G is a totally regular fuzzy graph.
Conversely, Let G1 be a k1 —regular fuzzy graph and G2 be a kz—regular fuzzy graph. Then for any vertex (u1,us2) € Vi X Va,

from Corollary 3.2, tda, x G5 (u1,u2) = [p2 — 1]k1 + [p1 — 1 — r1]k2 + ¢. Hence G1 X G2 is a totally regular fuzzy graph. O

Theorem 4.3. Let G1 : (o1, 1) and G2 : (02,2 ) be two fuzzy graphs on complete crisp graphs Gi and G35 respectively such
that o1 > p2, 02 > p1, pr < p2 and o1 A oz is a constant function. Then G1 Xg G2 is a totally regular fuzzy graph if and

only if G1 is a regular fuzzy graph.

Theorem 4.4. Let G1 : (o1,p1) and Gz : (02, p2) be two fuzzy graphs on complete crisp graphs G1 and G5 respectively such
that o1 > po, 02 > 1, p1 < p2 and o1 and o1 A o2 are constant functions. Then G1 Xg G2 is a totally regular fuzzy graph

if and only if G1 is a totally reqular fuzzy graph.

Theorem 4.5. Let Gy : (o1, p1) and Gz : (02, p2) be two fuzzy graphs such that o1 > p2, o2 > p1, pe < p1 and o1 A oz is
a constant function and let G5 be a regular graph. Then G1 xg G2 is a totally reqular fuzzy graph if and only if G1 and G2

are regqular fuzzy graphs.
Proof. Let o1(u) A o2(v) = ¢, a constant for all u € Vi and v € V. Let G5 be ro—regular graph. Assume that G1 x5 G2

is a totally regular fuzzy graph. Then for any two points (u1,us2) and (vi,v2) in Vi x Va.

tdGy x 4Gy (U1, u2) = tda, x 3G, (V1, v2)

From Theorem 3.5,

[p1 — 1]da, (u2) + dgy (u2)da, (ur) + ¢ = [p1 — 1]da, (v2) + dgy (v2)de, (v1) + ¢
= [p1 — 1]dg, (u2) + [p2 — 1 — dgg (u2)lda, (u1) = [p1 — 1]da, (v2) + [p2 — 1 — day (v2)]da, (v1)

= [p1 — 1]da, (u2) + [p2 — 1 — r2]da, (u1) = [p1 — 1]da, (v2) + [p2 — 1 — 72]de, (v1) (4)
Fix u € V7 and consider (u,us2) and (u,v2) in Vi x Vo where ugz,v2 € Va2 are arbitrary. From (4),

[p1 — 1]dg, (u2) + [p2 — 1 — r2]da, (u) = [p1 — 1]dG, (v2) + [p2 — 1 — ra2]dc, (u)

= dGz (UQ) = dGz (1)2)

This is true for all us,v2 € Vao. Thus Gs is a regular fuzzy graph. Fix v € V5 and consider (u1,v) and (vi,v) in Vi x V2

where u1,v1 € V4 are arbitrary. From (4),

[pr —1]da, (v) + [p2 — 1 = r2]d, (u1) = [pr — 1da, (v) + [p2 — 1 = r2]dg, (v1)

= dg, (Ul) =dg, (Ul)

This is true for all ui,v1 € Vi. Thus G is a regular fuzzy graph.
Conversely, Let G1 be a ki —regular fuzzy graph and G2 be a ka—regular fuzzy graph. Then for any vertex (u1,us2) € Vi X Va,

from Theorem 3.4,

tdGyx 3Gy (U1, u2) = [p1 — k2 + [p2 — 1 — r2]ky

Hence G1 xg G2 is a totally regular fuzzy graph. O
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Theorem 4.6. Let G1 : (o1, 1) and G2 : (02, u2) be two fuzzy graphs such that o1 > p2,02 > p1, pe < p1 and o1 A oz is
a constant function and let G5 be a reqular graph. Then G1 Xg G2 is a totally regular fuzzy graph if and only if G1 and G2

are totally regular fuzzy graphs.

Theorem 4.7. Let G1 : (o1, p1) and G : (02, p2) be two fuzzy graphs on complete crisp graphs G1 and G5 respectively such
that o1 > p2, 02 > p1, p2 < 1 and o1 A oz is a constant function. Then G1 Xg G2 is a totally regular fuzzy graph if and

only if G2 is a regular fuzzy graph.

Theorem 4.8. Let G1 : (o1, p1) and Gz : (02, p2) be two fuzzy graphs on complete crisp graphs G1 and G5 respectively such
that o1 > po, 02 > 1, p2 < p1 and o1 and o1 A o2 are constant functions. Then G1 Xg G2 is a totally reqular fuzzy graph

if and only if G2 is a totally reqular fuzzy graph.

Theorem 4.9. Let Gy : (01, 11) and G2 : (02, pu2) be two fuzzy graphs such that o1 is a constant function with o1 < 2 and
let G1(/G3) be a regular graph. Then G1 x5 G2 is a totally regular fuzzy graph if and only if Gy is a regular fuzzy graph and

G3(/G7) is a regular graph.

Proof. Let o1 (u1) = 1 for all u € Vi, where ¢; is the constant value of o1. Let GI be ri—regular graph. Assume that

G1 x G2 is a totally regular fuzzy graph. Then for any two points (u1,u2) and (v1,v2) in Vi X Va.

tdG, x 4Gy (U1, u2) = tda, x 3G, (V1,v2)

From Theorem 3.9,

da, (u1)[p2 — 1] + c1[(pr — 1 — r1)dey (u2) + 1] = da, (v1)[p2 — 1] + ca(pr — 1 = r1)dgz (v2) + 1]

= dg, (u1)[p2 — 1] + c1(pr — 1 — r1)dey (u2) = da, (v1)[p2 — 1] + c1(p1 — 1 — r1)dg; (v2) (5)

Fix u € V4 and consider (u,us2) and (u,v2) in Vi X Vo where uz,v2 € Vo are arbitrary. From (5),

da, (u)[pz — 1]+ c1(p1 — 1 = r1)dgy (u2) = da, (u)[p2 — 1] + c1(pr — 1 — r1)dgy (v2)

= dg, (u2) = dg, (v2)

This is true for every uz,v2 in V2. Thus G35 is a regular graph. Fix v € V5 and consider (u1,v) and (v1,v) in V4 x V2 where

u1,v1 € Vi are arbitrary. From (5),

dey (ui)[p2 = 1]+ ci(pr =1 = r1)dey (v) = doy (v1)[p2 — 1] + c1(pr — 1 = r1)dgy (v)

= dGl (ul) = dGl (Ul)

This is true for all ui,v1 € Vi. Thus G is a regular fuzzy graph.
Conversely, Let G1 be a k1 —regular fuzzy graph and G5 is a ro—regular graph. Then for any vertex (u1,us2) € Vi X Vo, from

Theorem 3.7,

tdGyx 3Gy (u1,u2) = k1lpz — 1] +c1[pr — 1 —rilra 4+ a1

Hence G1 xg G2 is a totally regular fuzzy graph. O
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Theorem 4.10. Let G1 : (01,11) and G2 : (02, u2) be two fuzzy graphs such that o1 is a constant function with o1 < pa
and let G1(/G3) be a regular graph. Then G1 xg G2 is a totally regular fuzzy graph if and only if G1 is a totally regular

fuzzy graph and G5(/G7) is a regular graph.

Theorem 4.11. Let Gy : (o1,p1) and G : (02, pu2) be two fuzzy graphs on complete crisp graphs G7 and G5 respectively
such that o1 is a constant function with o1 < u2 and let Gi(/G3) be a regular graph. Then G1 xg G2 is a totally regqular

fuzzy graph if and only if Gy is a regular fuzzy graph and G5(/G?7) is a regular graph.

Theorem 4.12. Let Gy : (o1,p1) and Ga : (02, pu2) be two fuzzy graphs on complete crisp graphs G7 and G5 respectively
such that o1 is a constant function with o1 < p2 and let G1(/G3) be a regular graph. Then G1 Xg G2 is a totally regular

fuzzy graph if and only if G1 is a regular fuzzy graph and G5(/G7Y) is a regular graph.

Theorem 4.13. Let G1 : (01,11) and G2 : (02, u2) be two fuzzy graphs such that o2 is a constant function with o2 < p1
and let G5(/GY) be a regular graph. Then G1 X3 G2 is a totally reqular fuzzy graph if and only if G2 is a regular fuzzy graph

and G1(/G3) is a regular graph.

Theorem 4.14. Let G1 : (01,1) and G2 : (02, u2) be two fuzzy graphs such that o2 is a constant function with o2 < 1
and let G5(/GY) be a regular graph. Then G1 xg G2 is a totally regular fuzzy graph if and only if G2 is a totally regular

fuzzy graph and Gi(/G3) is a regular graph.

Theorem 4.15. Let G1 : (o1, p1) and Gz : (02, u2) be two fuzzy graphs on complete crisp graphs G7 and G35 respectively
such that o2 is a constant function with o2 < pi. Then Gi1 Xg Ga is a totally regular fuzzy graph if and only if G2 is a

reqular fuzzy graph.

Theorem 4.16. Let G : (o1,p1) and G : (02, p2) be two fuzzy graphs on complete crisp graphs G7 and G5 respectively
such that o2 is a constant function with o2 < p1. Then G1 X g G2 is a totally regular fuzzy graph if and only if G2 is a totally

regular fuzzy graph.

5. Total Degree of a Vertex in Gamma Product on Fuzzy Graphs

For any vertex (ui,uz2) € Vi X V3

tdc, x.,Go (U1, u2) = > (1 Xy p2)(u1, u2) (v, v2)) + (01 Xy 02) (U1, u2)
(u1,u2)(vi,v2)EE
tda, x,Go (U1, uz) = Z o1(u1) A pa(ugv2) + Z o2(u2) A pr(uivr)
u1=v1,u2v2€Ey ug=vg,u1v] €Ly
+ Z o2(u2) A oa(v2) A pr(urv1) + Z o1(u1) A or(vi) A pz(ugv2)
uy1v1 €E1,ugv2€E) u1v1 €E1,u2v2€E2
+ > pa(urv1) A pz(uzvz2) + o1 (ur) A o2(uz) (6)

u1v1 €EEq,ugua€Eqy

In the following theorems, we obtain the total degree of a vertex in the gamma product of two fuzzy graphs in terms of the

degrees of vertices in the given fuzzy graphs in some particular cases.

Theorem 5.1. Let G1 : (o1,u1) and G2 : (02,p2) be two fuzzy graphs. If o1 > po,00 > p1 and pr < po, then

tdc, x, 6o (U1, u2) = da, (u2)[p1 — da, (u1)] + p2da, (u1) + o1(u1) A o2(uz).
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Proof. Given o1 > p2,02 > p1 and p1 < po. From (3.1)

tda, xWGQ(ul,uz) = Z w2 (u2v2) + Z w1 (urvr)

u1=v1,uv2€FEy ug=vo,ujvi €EEq
+ E ,LL2(U2U2) + E /.Ll(UHJl) + E M1(U1U1) + o1 (U1) A UQ(UQ)
u1v1 €EFE1,ug2va€Ey u1v1 €EE1,ugva€E> u1v1 €EE1,ugva€Ey

= da,(u2) + da, (u1) + dg (u1)da, (u2) + dgs (u2)de, (wr) + de, (u1)day (u2) + o1(u1) A oz (uz)
= da, (u2)[1 + dgz (w1)] + day (un)[1 + des (u2) + day (u2)] + o1 (ur) A o2 (uz)
=da,(u2)[1+p1 —1— dG; (u1)] +da, (u1)[1 +p2 — 1] + o1(u1) A o2(u2)

= da, (u2)[p1 — dgy (u1)] + pada, (u1) + o1 (u1) A o2(u2)

O

Corollary 5.2. Let G1 : (o1,u1) and Gz : (02,p2) be two fuzzy graphs. If o1 > p2,02 > p1 and pr < po, then
thlwaQ (ul,uQ) = tda, (1@)[]71 — dgl (ul)] — [p1 — dgl (ul)]O'z(’LLQ) + potda, (U1) —p20’1(U1) + 0’1(’1,L1)?UQ(U2).

Theorem 5.3. Let G1 : (o1,u1) and G2 : (02,p2) be two fuzzy graphs. If o1 > po,00 > p1 and pe < pi, then

tda, x,ay (U1, u2) = da, (wa)[p2 — deg (u2)] + prda, (uz2) + o1 (ur) A o2 (uz).

Corollary 5.4. Let G1 : (o1,pu1) and Gz : (02,p2) be two fuzzy graphs. If o1 > p2,02 > p1 and pe < ui, then

tdc, x, Gy (U1, u2) = tde, (u1)[p2 — day (u2)] — [p2 — day (u2)lo1(ur) + pitde, (u2) — p1o2(uz) + o1(u1) A o2(u2).

Theorem 5.5. Let Gy : (o1,p1) and Ga : (02, u2) be two fuzzy graphs. If o1 < pe and o1 is a constant function with
o1(ur) = c1 for all uw € V1, then tdg,x,a,(u1,u2) = ci[(pr — da, (u1))da, (u2) + 1] + pada, (u1), where c1 is the constant

value of o1.
Proof. Given o1 < p2 and o7 is a constant function with o1(u1) = ¢1 for all w € Vi. If 01 < pa, then o2 > p1 and pu1 < po.

Also 01 < 02. From (6),

tday x,Go (U1, u2) = o1 (u1)day (u2) + da, (w1) + o1 (ua)dg: (u1)day (u2) + dgy (u2)de, (u1) + dag (u2)de, (ur) + o1 (ur)

= ardgy (u2) + da, (u1) + crdg: (u1)dag (u2) + day (u2)da, (1) + dag (u2)da, (u1) + a1

crday (u2) +day (w1) +eilpr — 1 —dgy (u1)]day (uz) + [p2 — 1 — dgy (u2)lda, (u1) + day (u2)de, (u1) + e
= cidgy (u2) + da, (u1) + ciprdey (u2) — cidasy (u2) — cides (ul)dc;; (u2) + p2da, (u1) — da, (u1)

—dg; (u2)da, (u1) + day (u2)da, (u1) + a1
= cipida (u2) — cidas (ul)dcg (u2) + p2da, (u1) + a1

= c1[(p1 — daz (w1))dgy (u2) + 1] + p2da, (u1)

O

Corollary 5.6. Let Gi : (01,p11) and G2 : (02, u2) be two fuzzy graphs. Ifor < p2 and o1 is a constant function with
o1(u1) = c1 for allu € Vi, then tda, x,c, (u1,u2) = c1[(p1 —dgx (ul))dcg (u2) — p2 + 1] + p2tda, (u1), where c1 is the constant

value of o1.

Theorem 5.7. Let G1 : (o1,p1) and Ga : (02, u2) be two fuzzy graphs. If o2 < p1 and o2 is a constant function with
oa(uz) = c2 for all u € Va, then tda, x,a, (u1,u2) = prda, (uz2) + U2(U2)[p2dc’1« (u1) + 1] — da (’U,z)d(;i« (u1), where cz is the

constant value of o2.
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Proof. Given o2 < p1 and o2 is a constant function with o (u2) = co for all v € Va. If o2 < g, then o1 > poe and po < pa.

Also o2 S 01.

tda, x, 6o (U1, uz) = da, (u2) + 02(u2)dey (ur) + da: (u1)da, (uz) + day (u2)o2(u2)de; (w1) + da, (u2)dey (w1) + 02(uz)
= da, (u2) + 02(u2)de; (wn) + [p1 — 1 = dog (un)lda, (u2) + [p2 — 1 = dos (u2)lo2(uz)des ()
+ da, (u2)dg (u1) + o2 (uz)

= p1da, (u2) + c2[padas: (u1) + 1] — dag (u2)das (ur)

O

Corollary 5.8. Let G1 : (01,11) and G2 : (02, u2) be two fuzzy graphs. If o2 < p1 and o2 is a constant function with
o2(u2) = ca for all uw € Va, then tda, x.,a, (u1,u2) = pitda, (u2) + CQ[deGT (u1) —p1 +1] — dG; (uz)dcf (u1), where ca is the

constant value of o2.

6. Totally Regular Property in Gamma Product of Two Fuzzy Graphs

In general, there does not exist any relationship between the totally regular property of Gi1 and G2 and the totally regular

property of G1 A Ga.

1. If G1 or G2 is a totally regular fuzzy graphs, then G1 A G2 need not be a totally regular fuzzy graph in Fig. 1.

Gy Gy Gy Xy G2
uy (0.4) uz (0.5) (U, uz (0.4 0.4 {1y, vz)
(0.4)
0.3
0.3 0.4
0.3 0. 0.3
vi(0.6) v2(0.5) (vy,13) (0.5) 0.4 (v1,v2)(0.5)

Figure 1.

2. If G1 A G2 is a totally regular fuzzy graph, then G or G2 need not be a totally regular in Fig 2.

Gy Gy Gy Xy Gy
ug(0.4) uz(0.5) {uy, ug }0. 0.4 (ug,vz)
(0.4)
0.3
0.3 0.4
0.3 0.3 0.3
v, (0.4) v2(0.6) (v, u7) (0.4) 04 (v, v2)(0.4)

Figure 2.

Here 01 > p2,02 > p1 and p1 < po.

tday x, Gy (U1, u2) = day (u2)[p1 — dey (w1)] + p2da, (w1) + o1(u1) A o2(u2)

=0.4[2—1]+2(0.3) +04=04+06+04 =14
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Theorem 6.1. Let Gy : (o1, p1) and Ga : (027;@) be two fuzzy graphs such that o1 > pa, o2 > p1, p1 < p2 and o1 A\ o2 is
a constant function and let G7 be a regular graph. Then G1 X~ G2 is a totally regqular fuzzy graph if and only if G1 and G2

are regular fuzzy graphs.
Proof. Let o1(u) A o2(v) = ¢, a constant for all u € V4 and v € Va. Let GI be r1—regular graph. Assume that G1 x Ga is

a totally regular fuzzy graph. Then for any two points (u1,u2) and (v1,v2) in Vi x Va.

tda, xao (U1, u2) = tda, x s (v1,v2)

From Theorem 5.1,

da, (u2)[p1 — 71] + p2de, (u1) + ¢ = da, (v2)[p1 — 1] + p2da, (v1) + ¢

= da, (u2)[p1 — r1] + p2da, (u1) = dg, (v2)[p1 — 1] + p2dea, (v1) (7

Fix u € V7 and consider (u,us2) and (u,v2) in Vi X Vo where ugz,vs € Vo are arbitrary. From (7),

da, (uz)[p1 — 1] + p2da, (u) = da, (u2)[p1 — r1] + p2de, (u)

= dg, (u2) =dg, (UQ)

This is true for all ug,v2 € Vo. Thus G2 is a regular fuzzy graph. Fix v € V5 and consider (u1,v) and (vi,v) in Vi X Va

where u1,v1 € Vi are arbitrary. From (7),

da, (v)[p1 — 1] + pada, (u1) = da, (v)[p1 — 1] + p2da, (u1)

=de, (ul) =dg, (1)1)

This is true for all ui,v1 € Vi. Thus G is a regular fuzzy graph.
Conversely, Let G1 be ki1—regular fuzzy graph and G2 be ka—regular fuzzy graph. From Theorem 5.1, tdg, x.,a, (u1,u2) =

ka[pr — r1] + p2k1 + ¢. Hence G1 X G2 is a totally regular fuzzy graph. O

Theorem 6.2. Let G1 : (o1, p1) and Ga : (02, u2) be two fuzzy graphs such that o1 > pa, o2 > p1, p1 < p2 and o1 Aoz is
a constant function and let G7 be a regular graph. Then G1 X~ G2 is a totally regular fuzzy graph if and only if G1 and G2

are totally regular fuzzy graphs.

Proof. Let o1(u) A o2(v) = ¢, a constant for all u € V4 and v € Va. Let 0;(u;) = ¢; for all u; € V;, where ¢; is a constant,
it = 1,2. Let G7 be ri—regular graph. Assume that G1 X G2 is a totally regular fuzzy graph. Then for any two points
(u1,u2) and (v1,v2) in Vi X Va.

tda, xas (U1, u2) = tda, xa, (v1,v2)

From Corollary 5.2,

tda, (u2)[p1 — 1] — [p1 — ri]ea + patda, (u1) — p2c1 + ¢ = tda, (v2)[p1 — 1] — [p1 — ri]ea + patda, (v1) — p2c1 + ¢

= tdc2 (’U,Q)[]h — 7“1] + pgtdcl (ul) = th2 (Uz)[pl — 7"1] + pzthl (’1)1) (8)

36
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Fix u € V1 and consider (u,u2) and (u,v2) in Vi x Vo where uz,v2 € Va2 are arbitrary. From (8),

tda, (uz)[p1 — 1] + patda, (u) = tdg, (v2)[p1 — r1] + patdc, (u)

= tda, (UQ) = tda, (’Uz)

This is true for all uz,v2 € Vo. Thus G2 is a totally regular fuzzy graph. Fix v € V, and consider (u1,v) and (vi,v) in

Vi x Vi where u1,v1 € Vi are arbitrary. From (8),

tda, (v)[pr — 71] + patda, (u1) = tdg, (v)[p1 — 1] + patda, (v1)

= tdg, (ul) =tda, (U1)

This is true for all ui,v1 € V5. Thus G is a totally regular fuzzy graph.
Conversely, Let G1 be ki—totally regular fuzzy graph and G2 be ka—totally regular fuzzy graph. From corollary 5.2,

tday x ay (U1, u2) = ka[p1 — 1] — [p1 — ri]ea + p2ka — pac1 + ¢. Hence G1 X, G2 is a totally regular fuzzy graph. O

Theorem 6.3. Let Gy : (o1, p1) and Ga : (02, pu2) be two fuzzy graphs such that o1 > p2, o2 > p1, pe < g1 and o1 A oz 18
a constant function and let G5 be a regular graph. Then G1 X~ G2 is a totally regqular fuzzy graph if and only if G1 and G2

are reqular fuzzy graphs.

Theorem 6.4. Let G : (o1, p1) and G2 : (02, pu2) be two fuzzy graphs such that o1 > p2, o2 > p1, pe < p1 and o1 A oz is
a constant function and let G5 be a regular graph. Then G1 X~ G2 is a totally regular fuzzy graph if and only if G1 and G2

are totally regular fuzzy graphs.

Theorem 6.5. Let G : (01, 1) and G2 : (o2, pu2) be two fuzzy graphs such that o1 < p2 and o1 is a constant function with
o1(u1) = a1 for all uw € Vi and let G (/G3) be a reqular graph. Then G1 X G2 is a totally regular fuzzy graph if and only if

G1 is a regular fuzzy graph and G5(/GY) is a regular graph.

Proof. Let o1(u1) = ¢1 for all uw € Vi, where ¢; is a constant. Let G} be r1—regular graph. We have o1 < ua. Hence
o2 > p1 and o1 < o2, Assume that G1 x G2 is a totally regular fuzzy graph. Then for any two points (u1,u2) and (v1,v2)
in Vi x Vs.

tda, xa (U1, u2) = tda, x s (v1,v2)

From Theorem 5.5,
al(pr —r)da, (u2) + 1] + p2da, (w1) = ei[(pr — r1)da, (v2) + 1] + pada, (v1) )
Fix u € V1 and consider (u,u2) and (u,v2) in Vi x Vo where uz,v2 € Va2 are arbitrary. From (9),

ci[(pr — r1)da, (u2) + 1] + pada, (u) = c1[(p1 — r1)de, (v2) + 1] + pada, (u)

= dG; (UQ) = d(;; (’Uz)

This is true for all uz,v2 € V. Thus G5 is a regular graph. Fix v € V5 and consider (u1,v) and (v1,v) in Vi x V2 where

u1,v1 € Vi are arbitrary. From (9),

cil(p1 — ri)dey (v) + 1] + p2de, (u1) = ci[(pr — r1)dgy (v) + 1] + p2de, (v1)

= dGl (ul) = dGl (Ul)
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This is true for all ui,v1 € Vi. Thus G; is a regular fuzzy graph.
Conversely, Let G1 be ki-regular fuzzy graph and G5 be ra—regular graph. From Theorem 5.5, tda, x, G, (u1,u2) = c1[(p1 —

r1)r2 + 1] + p2ki. Hence G1 X~ G2 is a totally regular fuzzy graph. O

Theorem 6.6. Let G1: (01, 1) and G2 : (02, u2) be two fuzzy graphs such that o1 < u2 and o1 is a constant function and
let G1(/G5) be a regular graph. Then G1 X G2 is a totally regqular fuzzy graph if and only if G1 is a totally regular fuzzy

graph and G5(/G1) is a regular graph.

Theorem 6.7. Let G1 : (01, 11) and G2 : (o2, pu2) be two fuzzy graphs such that o2 < p1 and o2 is a constant function with
o2(u2) = c2 for all u € Vo and let G5(/GY) be a regular graph. Then G1 X G2 is a totally regular fuzzy graph if and only if

G2 is a regular fuzzy graph and Gi(/G5) is a regular graph.

Proof. Let o2(u2) A o2(v2) = ¢2 for all v € Vi, where ¢z is a constant. Let G5 be ro—regular graph. We have o2 < ps.
Hence o1 > p2 and o2 < 1. Assume that G1 X G2 is a totally regular fuzzy graph. Then for any two points (u1,u2) and
(v1,v2) in Vi X Va.

tda, xG, (u1,u2) = tde, x s (V1,2)

From Theorem 5.7,

p1das, (u2) + c2[pades (ur) + 1] — radgs (u1) = prda, (v2) + c2[paday (v1) + 1] — r2das (v1) (10)

Fix u € V7 and consider (u,u2) and (u,v2) in Vi X Vo where uz,v2 € Vo are arbitrary. From (10),

prda, (u2) + c2[padey (u) + 1] — rades (u) = prda, (v2) + c2[padey (u) + 1] — radey (u)

= da, (u2) =dg, (UQ)

This is true for all us,va € Vao. Thus G2 is a regular fuzzy graph. Fix v € V5 and consider (u1,v) and (vi,v) in Vi x V2

where ui,v1 € Vi are arbitrary. From (10),

p1da, (v) + c2[p2dgy (u1) + 1] — radas (u1) = prda, (v) + c2[p2des (vi) + 1] — radgy (v1)
c2[p2des (u1) + 1] — radgs (u1) = calpaday (v1) + 1] — radgs (v1)
= capadg; (u1) + c2 — radgs (u1) = capada; (v1) + 2 — r2dgy (v1)
= (cap2 — TQ)dG*{ (u1) = (c2p2 — Tg)dGT (v1)

= dGI (ul) = dGI (Ul)

This is true for all ui,v1 € V1. Thus G7 is a regular graph.

Conversely, Let G2 be ko-regular fuzzy graph and G be r1—regular graph. From Theorem 5.7,

tdG, x, G, (u1,u2) = prka + c2[per1 + 1] — rory

Hence G1 % G2 is a totally regular fuzzy graph. O

Theorem 6.8. Let Gy : (01, 1) and G2 : (o2, p2) be two fuzzy graphs such that o2 < p1 and o2 is a constant function with
o2(u2) = ¢z for all u € Vo and let G5(/GY) be a regular graph. Then G1 X~ G2 is a totally regular fuzzy graph if and only if

G2 is a totally regular fuzzy graph and G1(/G3) is a regular graph.
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7. Conclusion

In this paper, we have obtained the total degree of a vertex in G1 xg G2 in terms of degree and total degree of vertices in
G1 and G2 in some particular cases. The total degree of vertices in Gamma product in terms of the total degree of vertices
in G; and G2 under some conditions are obtained. It will be helpful especially when the graphs are very large and useful
in studying various properties of Beta product and Gamma product of two fuzzy graphs. Also we have shown that the
Beta product and Gamma product of two totally regular fuzzy graphs need not be a totally regular fuzzy graph. We have
obtained necessary and sufficient condition for the Beta product and Gamma product of two fuzzy graphs to be totally

regular in some particular cases.
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