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1. Introduction

The maintenance problem of a multistate degenerative system with k-working states and [-failure states under quasi renewal
process is studied. The long-run average cost for a multistate stochastic degenerative system under the following bivariate

replacement policies.

- policy,
- policy,
T*, N) - policy, and
U™, N) - policy,

where T is the working age of the system, N is the number of failures of the system, U is the cumulative repair time of the
system, T is the system replaced at the first failure point after the cuamulative operating time exceeds T and U~ is the failure
point just before the total repair time exceed U, under quasi renewal process are derived. Existence of optimality under the
aforesaid bivariate replacement polices are deduced. Numerical examples are given to illustrate the results developed in this
paper.

The rest of the paper is structured as follows: In Section 2, we give a general description of the model. We also present the
monotone process model of a one component multistate stochastic degenerative system and the relevant results regarding
their probability structure. In Section 3, we derive explicit expressions for the long-run average cost per unit time for this
model under the bivariate replacement policies (T, N), (U, N), (T'",N) and (U™, N). Numerical examples are given in

Section 4 to illustrate the results developed in this paper. Finally, conclusion is given Section 5.

* E-mail: rizwanmaths@yahoo.com
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2. Preliminaries

In this section, we first give the definitions required for further discussion. If the sequence of non-negative random variable
{X1,X>,...} is independent and X; = aX;_1 for ¢ > 2 where o > 0 is a constant, then the counting process N(t),¢ > 0 is
said to be a quasi renewal process with parameter o and the first inter arrival time X;. When a = 1 this process becomes
the classical renewal process. The quasi renewal process can be used to model a maintenance process when o < 1 and a
reliability growth process in product developing and burn-in for a > 1. Assuming that the probability density function,
cumulative distribution function, survival function and failure rates of random variable X are fi(z), Fi(z), s1(z) and r1(z),
respectively, then the probability density function, cumulative distribution function, survival function, failure rate, mean

and variance of X,,, forn =1,2,... are

fal@) = — 1 (ix) @) =1 (=27)

E(X,) =a" " E(X)) Fo(z) = 1y (af_l)
rn(x) = (0;1—1) (%) Var(X,) = o®" *Var(X1)

Because of the non-negativity of X; and the fact that X, is not identically 0, we conclude that E(X1) = pu1 # 0.

3. Description of the Model

We consider the model of a one-component multistate system. We also evaluate the conditional probabilities of the operating
times and failure times given the state of the system. Consider a one-component multistate system with (k + ) states k-

working states and [-failure states. The system state at time ¢ is given by

i if thesystem is in the i — th working state at time t
(i=1,2,....k)
k+j if the system is in the j — thfailure state at time t

G=12...,0)

The set of working states is Q1 = {1,2,...,k}; the set of failure states is Q2 = {k+ 1,k +2,...,k + [} and the state space
is Q = Q1 U Q. Initially, assume that a new system in working state 1 is installed. Whenever the system fails, it will be
repaired. Let ¢, be the completion time of the n-th repair, n = 0,1,... with £p = 0 and let s, be the time of occurrence
of the n-th failure, n = 1,2,... . Then tp < s1 < t1 < -+ < 8, < tn, < ---. Consider a monotone process model for a

multistate one-component system described in this section and make the assumptions.

A1 At the beginning, a new system is installed. The system has (k + () possible states, where the states 1,2, ..., k denote,
respectively, the first-type working state, the second-type working state , ..., k-th-type working state and the states
(k+1), (k+2),...,(k+1) denote, respectively, the first-type failure state, the second-type failure state, ... and the

[-th type failure state of the system. The occurrences of these types of failures are stochastic and mutually exclusive.

A2 Whenever the system fails in any of the working states, it will be repaired. The system will be replaced by an identical

new one some times later.

A3 Let X, be the survival time of the system after (n — 1)-st repair. Then {X,, n = 1,2,...} forms a non-decreasing

quasi renewal process with parameter 0 < o < 1 and E(X;) = X > 0.
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A4 Let Y, be the repair time after n-th failure. Then {Y,,, n = 1,2,...} forms a non-increasing quasi renewal process

with parameter 8,3 > 1 and E(Y1) = u > 0. Here = 0 means that repair time is negligible.

A5 If the system in working state ¢ is operating, then let the reward rate be r;. If the system in failure state (k + 4) is
under repair, the repair cost is C;. The replacement cost comprises two parts: one part is the basic replacement cost
B and the other proportional to the replacement time Z at rate ¢,. In other words, the replacement cost is given by

B+c,Z.

A6 Assume that F,(t) is the cumulative distribution of L, = Y X; and G,(¢) be the cumulative distribution of M,, =

i=1
SV
i=1
A7 The random variables X,,, n=1,2,..., Y,, n=1,2,..., and the replacement time Z are independent.

A8 During the repair time, the system is closed so that any further repair during repair time is ineffective.

We now describe the probability structure of the model. Assume that the transition probability from working state i, i =

1,2,...,k, to failure state k +j, 7=1,2,...,1, is
P(S(snt1) =k + j|S(tn) = 1) = g5,

l
with > ¢g; = 1. Moreover, the transition probability from failure state k475, j = 1,2,...,1, to working state ¢, 1 =1,2,...,k
j=1
is given by

P(S(tn) =1i|S(sn) = k+7) = pi,

k
with > p; = 1. Assume that there exist a life-time distribution U(¢) and a; > 0, i = 1,..., k such that

i=1
P(X, <t)=U(t)
and
P(Xz S t|S(t1) = ’L) = U(ait), 1= 1,27...,]{:
where 1 < a; <az <--- < ag. In general, for i; € {1,2,...,k},

P (X, <t|S(t1) =41,...,5(tn-1) =in—1) = Ulai, ---as,_,t).
Similarly, assume that there exist a life-time distribution V' (¢) and b; > 0, ¢ =1,2,...,[ such that
P(Y1 <t|S(s1) = k +1) = V(bit),
where 1 > b1 > by > --- > b > 0 and in general, for i; € {1,2,...,1},
P(Y, <t|S(s1)=k+i1,...,5(sn) =k +in) =V (bs, -+ i, t)
A life distribution F'(-) is said to be new better than used in expectation (NBUE), if

/00 F(t+2z)dx < F(t) /00 F(z)dz, Vt>0.
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To say that the life distribution of an item is N BUE is equivalent to saying that the mean life length of a new item is greater
than the mean residual life length of a non-failed item of age t > 0. At every failure point, a decision is taken whether the
failed system can be sent for repair. If the cumulative repair time after this repair is expected to exceed a threshold value
U, the repair need not be initiated at that failure time. Such a fictitious repair time is called a virtual repair time. For two

working states 1 < i1 <2 <k, we have
(X2|S(t1) = i2) <st (X2|S(t1) = i1).

Therefore, the working state i1 is better than the working state iz, in the sense that, the system in state 71 has a stochastically
large operating time than it does in state i2. Consequently, the k working states are arranged in decreasing order, such that
state 1 is the best working state and state k is the worst working state. Similarly, for two failure states k + i1 and k + iz

such that k +1 < k+ i1 < k412 < k+ [, we have
(Y1]S(s1) = k+1i1) <s (Ya|S(s1) =k +i2).

Therefore, the failure state k + i1 is better than the failure state k 4 iz in the sense that the system in state k + i1 has a
stochastically smaller repair time than it does in state k+i2. Thus, the [ failure states are also arranged in decreasing order,

such that the state k + 1 is the best failure state and the state k + [ is the worst failure state.

4. Bivariate Replacement Policies
4.1. The (T, N) Policy

In this section, we introduce and study a bivariate replacement policy (7', N) for the multistate stochastic degenerative
system, under which system is replaced at the working age T or at the time of N-th failure, whichever occurs first. The
problem is to choose an optimal replacement policy (7, N)* such that the long-run average cost per unit time is minimized.

The working age T' of the system at time ¢ is the cumulative life-time given by

T t— M,, 3cmL,+ M, <t< Lp+1+ M,

Ln+17 3can+1 + M'n S t < Ln+1 + Mn+1

where L, = > X; and M, = Y; and Lo = Mo = 0. Following Lam (2005), the distribution of the survival time X, in
i=1 i=1

assumption A3 and the distribution of the repair time Y;, in assumption A4 are given by

n—1) o ‘
P(X,<t)= Z H pit - pl* Un(ad -+ al*t),
i Jji=n—1
=1
where j1, jo,...,jx € ZT and
n! . . _ .
P(Y, <t)= Z JARTI ai' gt V(b b)), (1)

1
_;1 Ji=n

where j1,j2,...,51 € ZT. Further, if E(X1) = ), then the mean survival time is

E(X,) = X", (2)
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for n > 1, where
and if E(Y1) = p, then the mean repair time is

for n > 1, where

B = (Z g) (5)

j=1
4.2. The Length of a Cycle and its Mean

The length of a cycle under the bivariate replacement policy (T, N) is

N N-1
<ZX + Z Y> X(Ly<T) T <T+ZY> X(Ly>T) T Z,
=1 i=1 i=1

where n = 0,1,2,..., N — 1 is the number of failures before the working age of the system exceeds 7" and

1 if the event A occurs,
X)) =
0 if the event A does not occur

denotes the indicator function and E[x4)] = P(A). From Leung (2006), we have

E [X(Li<T<Ly)] = P(Li <T < L)
= P(L; <T)—P(Ly <T)

= F;(T) — Fn(T).
Lemma 4.1. The mean length of a cycle under the policy (T, N) is
T N-1 )
_ / F(udu+ S 870 p F(T) + 7. 6)
0 i=1
Proof. Consider

+E(2)

n
(T +Y m) X(Ly>1)
=1

N N-1
=F |:<ZX1 + Z Yi) X(Ly<T)
i=1 i=1

N N-1
—E{E (ZX#ZE) X(Ly< )L }+E[TX<LN>T) |+E (ZY) Xysm) | + E(Z)
- TN 1 N-1
= i—1
:/ udFN / dFN( )+TFN(T) + Z ,B ;LE [X(Li§T<LN)] + 7
0 i=1

T N—-1
- / wd Fy(u) + Z BT Fn(T) + TFN(T)+ Y B uP (Li <T < Ly)+7
0 1=1

i=1
N-1

— TP (T) + / wdFy(u)+ 3 B p[F(T) = Fy (D] + 3 87" u F(T) + 7

=1 =1

T N-1 )
= / Fy(u)du + Z B uFi(T) + 7
0 =1

as desired and this completes the proof. O
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4.3. The Long-run Average Cost under (T, N) Policy

Let T be the first replacement time and let 7, (n > 2) be the time between (n — 1)-st replacement and n-th replacement.
Then the sequence Ty, n = 1,2,..., forms a renewal process. The inter arrival time between two consecutive replacements
is a renewal cycle. By the renewal reward theorem, the long-run average cost per unit time under the multistate bivariate

replacement policy (7, N) is given by

the expected costincurred in a cycle
the expected length of acycle

E{(OZ?;—IIYZ- —RZﬁilXi) X(LNgT)} + B

+E{(CYYi—=RT) Xx(ty>m) } +pE(Z)
EW)

C(T,N) =

Using Lemma 4.1 and simplifying, we have the following result.

Theorem 4.2. For the model described in section 3, under the assumptions A1 to A8, the long-run average cost per unit
time under the bivariate replacement policy (T, N') for a multistate stochastic degenerative system under quasi renewal process
is given by

CNf B~ W Fi(T) — R[] Fx(u)du+ c,m + B
C(T,N) = ———— P : (7
Sy Fa(u)du+ Y i~ p Fi(T) + 7
i=1

Deductions: Here C(T, N) is a bivariate function. Obviously, when N is fixed, C(T, N) is a function of T'. For fixed N = m,
it can be written as

C(T,N) = Cn(T), m=1,2,....

Thus, for a fixed m, we can find T}, by analytical or numerical methods such that C,,(T},) is minimized. That is, when
N =1,2,...,m,..., we can find T7,75,T3,..., T, ..., respectively, such that the corresponding C:1(T7),C2(13%), ...,
Cm(Ty,), ... are minimized. Because the total lifetime of a multistate degenerative system is limited, the minimum of the
long-run average cost per unit time exists. So we can determine the minimum of the long-run average cost per unit time
based on Ci(17),C2(1%),..., Cm(T),),. ... For example, if the minimum is denoted by C,(7T,;), we obtain the bivariate

optimal replacement policy (T, N)* such that
C((T,N)*) = min C,(T},).

The (U, N) Policy: In this section, we introduce and study a bivariate replacement policy (U, N) for the multistate
stochastic degenerative system, under which the system will be replaced at the time of N-th failure or the total repair time
exceeds U, whichever occurs earlier. The problem is to choose an optimal replacement policy (U, N)* such that the long-run

average cost per unit time is minimized.
The length of a Cycle and its Mean: The length of a cycle W under the bivariate replacement policy (U, N) is
N N—1 n
W= <ZXZ + Z Yi) X(My<v) + (sz + U) XMy >v) + 2,
i=1 i=1 i=1

where n = 0,1,2,..., N — 1 is the number of failures before the total repair time exceeds U and /.y denotes the indicator

function.

16
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Lemma 4.3. The mean length of the cycle under the policy (U, N) is

N—-1
TTANGi(U)+ N AGN (U /GN Ydu + 7. (8)

i=1
Proof.  Consider
N-1

ZXZ + YE) X(Mpy<U)

i=1 i=1

=B + E(Z)

/—\

n
(Z Xi + U) X(My>U)

i=1
boe

N U N-1
=L (Z 1) K (X(MNSU)) +/ udGn (u) + Z E(Xi) E[X(m_y<u<mp)| +UE [ X(MN>U)] +7
i=1 0 i=1

n
ZXiX(MN>U) +E [U X(MN>U)] + E(Z)

i=1

1=1 i=1

N N1
( Xi + Yz‘) Xmy< )My =u
X

. U
:Zo/*lwr/ wdGy (u +ZE D P(M;_1 <U < My)+UGN(U) +
0

N U N-1 _
=3 o AGK () + / wdGr(u) + 3 @'~ A[Gier(U) — G (U)] + UGN (U) + 7,
i=1 0 i=1
which on simplification yields (8). O

The Long-run Average Cost under (U, N) Policy: Let U; be the first replacement time and let U,, (n > 2) be the
time between the (n — 1)-st replacement and the n-th replacement. Then the sequence U,, n = 1,2,..., forms a renewal
process. The interarrival time between two consecutive replacement is a renewal cycle. By the renewal reward theorem, the
long-run average cost per unit time under the bivariate replacement policy-(U, N) for a multistate stochastic degenerative
system is given by

the expected costincurred in a cycle
the expected length of acycle

E{(CZN vy, —7’21 1X)X(MN<U)}+R

+E {(CU - Xi) X(MN>U)} + e E(Z)
E(W)

C(U,N) =

Using Lemma 4.2 and simplifying, we have the following result.

Theorem 4.4. For the model described in section 3, under the assumptions A1 to A8, the long-run average cost per unit
time under the bivariate replacement policy (U, N) for a multistate stochastic degenerative system under quasi renewal process

is given by
chUéN( Ydu — RNl MG (U) + V"L AGN (U) 4 ¢p7 + B
N 1 ot~ 1)\G1 1( )+OéN 1)\GN +f0 GN du+7’

C(U,N) = 9)

Deductions: Here C(U, N) is a bivariate function. Obviously, when N is fixed, C(U, N) is a function of U. For fixed N = m,
it can be written as

C(U,N)=Cn(U), m=1,2,3,....

Thus, for a fixed m, we can find U, by analytical or numerical methods such that C,,(U,,) is minimized. That is,

when N =1,2,...,m,..., we can find Uy,Us, Us,..., Uy, ..., respectively, such that the corresponding C1(U7), C2(Us),
.o, Cm(Uy), - .. are minimized.

It is logical to assume that the total repair time at any stage can never exceed the working time of the system, because

in this case the total repair cost will exceed the total reward earned. Further the total life time of a multistate stochastic

17
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degenerative system is limited. It follows that the total repair time of a multistate stochastic degenerative system is also
limited. Therefore the long-run average cost per unit time exist. So we can determine the minimum of the long-run average
cost per unit time based on C1(U7),C2(Us),...,Cn(Uy,),. ... For example, if the minimum is denoted by Ci.(U,,), we

obtain the bivariate optimal replacement policy (U, N)* such that
C((U,N)") = min C, (U},).

The (T, N) Policy: It is a policy for which the multistate stochastic degenerative system, under which system will be
replaced at the first failure point after the cumulative operating time exceeds T or at the occurrence of the N-th failure,
whichever occurs earlier. The technique of replacing at the first failure point after the cumulative operating time exceeds a

predetermined value is used in Muth (1977).

The Length of a Cycle and its Mean: The length of the cycle under the bivariate replacement policy (T, N) is

N N-1 n n
= <Z X+ Z Yi) X(Ly<T) + <ZX1 + ZYz‘1> X(Ly>T) T 4,
i=1 i=1 i=1 i=1

where n = 1,2,..., N — 1 is the number of failures before the total operating time exceeds T. The random variable n has a

geometric distribution given by

Pln=j)=P(X1 <T, X2 <T,.... Xy 1 <T,X,>T); j=1,2,...

Since 7 is a random variable,

Lemma 4.5. The mean length of the cycle under the policy (T, N) is

T F(T) "~
E(W) = /O udFn(u ﬁ o'~ — Fn(T)] + Z B w[(1=b)En(T) 4+ bF;(T)] + 7. (10)

Proof. Consider

N N-1 n n
(z XS m) . (z X+ zyil) Nnon| + E(2)
=1 =1 =1 =1
N N-—-1 n n
- x {E (zxi s m) el } B[S Xoxinon | + (zm) Yo | +B2)
1= =1 =1 =1

T N 1 N-1 N-1
:/ udFy(u / D dFn(u)+ Y E(Xin=N-1)P(Li <T <L)+ Y _ E(Yi)E[x(Li <T < Ln)| + 7
0 i=1 i=1
T F(T) N-1 N-1
:/ wdFy(u) + Z B uFn (T YD QT AIR(T) = Fn(D)] + 3 87 p[F(T) = Fy(T)] + 7,
0 i=1 i=1
which on simplification yields (10) and the proof is complete. O
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The Long-run Average Cost under (7", N) Policy: By the renewal reward theorem, the long-run average cost per

unit time under the bivariate replacement policy-(T", N) for a multistate stochastic degenerative system is given by

C(T*, N) = the expected costincurred in a cycle

the expected length of acycle
{(CEN Yi-ryl 1X)X<LN<T>} +B

JrE{(C Z?:1 Yio1— RZi:l l) X(LN>T)} + e E(Z)
E(W) ’

Using Lemma 4.3 and simplifying, we have the following result.

Theorem 4.6. For the model described in section 3, under the assumptions A1 to A8, the long-run average cost per unit
time using the bivariate replacement policy (T, N) for a multistate stochastic degenerative system under quasi renewal

process is given by

cN;f AL~ B)Ex(T) + bE(T)] — R T udFy(u)
Ni &V A[F(T) — Fn(T)] + ¢y + B

C(T+7N) = — ) (11)

fOTudFN(u) + % _z o' A[Fi(T) — Fx(T)]

w\‘

+Nf AU A[(1 = b)Fwn(T) + bF(T)] + 7

i=1

The bivariate optimal replacement policy (T, N)* is obtained in a manner similar to that used for finding optimal policy

(T, N)*.

The (U™, N) Policy: Under the policy (U™, N), we will replace the multistate stochastic degenerative system at the failure
point just before the total repair time exceed U or at the occurrence of the N-th failure, whichever occurs earlier. In the
policy (U, N), an optimal policy may be such that we will have to replace the system, in the middle of a repair, after (say)
s units of repair time. Then the question naturally arises is whether it would not have been more profitable to replace the
system at the failure point itself, as the repair cost could be saved. Since no additional costs are involved for replacing at

failure in our policies, it is profitable not to replace the system in the middle of an operating interval.

The Length of a Cycle and its Mean: The length of a cycle W under the bivariate replacement policy (U™, N) is

N N-—1 n v
W= (le + Z Yi) X(My<U) + <sz + ZK) X(My>U) + 2,
i=1 i=1 i=1 i=0

where n = 1,2,..., N — 1 is the number of failures before the total repair time exceeds U and v = 0,1,..., N — 1 is the
number of repairs before the total repair time is expected to exceed U. If M; < U < M;yq for i =1,2,...,N — 1, then

U — M; will be the virtual repair time.

Lemma 4.7. The mean length of the cycle under policy (U™, N) is

N-1 )\ U U) —1
a' Tt MG )+ﬁGN(U)+/ udGy (u) + =—=2 Z/Bl L u[Gi(U) = G (U)] + . (12)
a 0 U P

=1

Proof. Consider

N N-1
(Z Xi+ Z Yi) X(My<U)
i=1 i=1

. U
=> ot /\GN(U)+/ udGn(u) + E
0

i=1

+E(Z)

n v
(Z X+ ZK) X(My>U)

ZX X(My >U)

2

+E ZY X(My>v) | + E(2)

i=0

2

=S o AGN () + /U udGy (u) + 2 E(X;)P[Mi—1 <U < My] + 2 E(Yi|v)P(M; <U < M,) + E(Z)
0 1=0

1=1 1=1
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N U N-1 N-1
=> ot AGN(U) +/ wdGn(u)+ Y @ P A[Gia(U) = Gy (U)] + Y EYV)E(w — 1) [Gi(U) - G (U)] + 7
i=1 0 i=1 i=0
N U N-1 N-1
i—1 i—1 G(U i—1
=> a"TIAGNU) + [ uwdGh(u)+ Y @ TP A[Gia(U) -GN (U + =~ Y B (U) — Gn(U)] + T,
i=1 0 i=1 G(U i=0
which on simplification yields (12) . O

The Long-run Average Cost under the Policy (U™, N): By the renewal reward theorem, the long-run average cost

per unit time under the bivariate replacement policy-(U ™, N) for a multistate stochastic degenerative system is given by

the expected costincurred in a cycle
the expected length of acycle

N-1 N
E{(C > Y *RZXi) X<MN§U>} +B
i=1

i=1
v n
+E { (C SY:i—RY Xi) X(MN>U)} + e E(Z)
i=0 i=1
E(W)

C(U™,N) =

Using Lemma 4.4. and simplifying, we have the following result.

Theorem 4.8. For the model described in section 3, under the assumptions A1 to A8, the long-run average cost per unit

time using the bivariate replacement policy (U™, N) for a multistate stochastic degenerative system under quasi renewal

process is given by

_CfOUudGN(u) +48 iz B u[Gi(U) — Gn(U)]

N-1
-R QP AGi—1(u) + VTP AGN(U) 4 o + B
CU,N)= —— "=t = (13)
Z ot /\Gz;l(u)—i— N-1 )\GN +f0 udGN( )

Lew) i B w[Gi(U) — G (U)] + 7

5. Numerical Examples

Consider a degenerative simple repairable system with five states including three working states and two failure states, that

is k =3 and [ = 2. Assume that Then p1 + p2+p3s =1; 1 < a1 < a2 < a3 and a = (% + % + g—z) = 0.9792. Assume

p1 = 0.312|a; = 1.016
p2 = 0.329]a2 = 1.021
p3 = 0.359 a3 = 1.026

further that Then g1 + g2 =1; 1 > b1 > b2 and 5 = (‘“ + l%) = 1.0821. Let

q1 = 0.48[b; = 0.94
g2 = 0.52|by = 0.91

R=6 |C=50/A=90|r=13
B =6000|c, =4 |u=232

The (T, N) Policy: Assume that the distribution function of X, is exponential, that is

Fo(T) = F(a™'T)

n—1
:1—exp<—a )\T),




U.Rizwan, Syed Tahir Hussainy and N.Nandakumar

where T' > 0; % >0;a>1and n=1,2,...,and F(T) =1—exp (—%) If Xq, Xo, ..., X, are independent and each X;
has exponential distribution with mean X\; (¢ = 1,2,...,n), then probability density function of > X; is

=1
exp (—Aqt)

- fort>0.
=1 [T (= Aj-1)

)

n
The distribution function of > X; in this paper is given by
i=1

n n i1 at=1r
1-3 II mexp(— X ),forTzo
i J

0, otherwise

Figure 1. The Graph of C(T, N)

400

=200

C(UN)

Figure 2. The Graph of C(U, N)
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The equation (7) then becomes

Czbnl

RS I

=1

.

C(T,N) =

a1

i1 _gi—1
j=l5j#i

ai—1

ot

i—1
{1 5 )
i=1 \g=1;i#j

[1 — exp (f

exp (f

)

ai—;T)}

+cp7+ B

N
2

N

[ fi

i=1 | j=13j#
N—-1

+ 3 g1

1

In this case, using equation (14) and overpassing numerical calculations, we arrive at (T, N)

- i qi—1
aj“fall]a 1)\[1—exp (_ )\T)}
3 i s i—1
i=1 <_H aialj—al1> exp (_a . T)

J=1yi#]

+7

* = (220, 15), such that C(T, N)

= —573.9723 monetary units. The values of

is minimum at (7, N)*

and the long-run average cost is C(T, N) = C(220, 15)

C(T,N) for T ranging from 100 to 300 time units and N ranging from 5 to 20, are evaluated. Some of the values of C(T, N)

are given in Table 1. These values are plotted in

the Figure 1.

The (U, N) Policy: The equation (9), then becomes

N-1[ ~N-1 yin1 . bi-1p i
Y [ = (bi—l) [1 - exp (_ m )]
n=1 |j=1;j#i
1 L0 L j—1 i—1
—R a' "t A - E H bj—bl_bi—l €xXp (_7l7 U)
n=1 =1 \ j=1;5%#1 "
N-1 - & bi 1 violu
+a A= [ g=t=r eXp(— m ) +cp7+ B
i=1 \j=lij#i
C(U,N) =+ — (15)
= i—1 n o pi—1 pi—ly
Z «@ All— Z H pi—1_pi-1 | €XP (_7N )
n=1 i=1 \ j=1;5#1
N-1 ol N b1 vi~lu
+a AMI=2{ Il it |exp (— m )
=1 \j=1;j#i
&= e bi—1 u bi-lu
+ 2 [l === (m)[lfexp(* m )]+T
L n=1 |j=1;j#t i
(T, M) [¢(T, )] (T,N) [ C(T,N) | (T,N) | C(T.N) | (T,N) | C(T,N)
(100,5) [ 81.2465|(100,10)| 8.9498 | (100,15) | —33.8084 |(100,20)|—472.7234
(110,5) | 79.7345 | (110,10)| 8.0123 | (110,15) | —121.0084 |(110,20)|—470.9998
(120,5)69.7345 [ (120,10)| 7.8984 | (120,15) | —189.7643 |(120,20)|—465.1267
(130,5)|61.4993 [ (130,10)| 5.9998 | (130,15) | —221.0438 |(130,20) | —461.2244
(140,5) | 55.7213 | (140,10)| 5.9183 | (140,15) | —339.9407 |(140,20)|—402.2344
(150,5)] 41.4482((150,10)| 5.1182 | (150,15) | —341.0492 | (150,20)|—384.8194
(160,5) | 35.3817 | (160,10)| 4.3341 | (160,15) | —353.0821 |(160,20)|—372.9128
(170,5)|34.9992 | (170,10)| 2.9838 | (170,15) | —367.2108 |(170,20)|—362.8219
(180,5)|33.1983 [ (180,10)| 2.1584 | (180,15) | —395.0812 |(180,20)|—323.9121
(190,5) | 33.0083|(190,10)| 1.2973 | (190,15) | —405.2483 |(190,20) | —283.4456
(200,5)]32.9945((200,10)[ 1.1924 | (200,15) | —411.3849 [(200,20)|—224.3927
(210,5)[31.4599(210,10)| —7.1948 | (210,15) | —423.1234 |(210,20)| —198.2573
(220,5) | 27.4563 | (220,10) | —18.4538 | (220,15) | —573.9723 | (220,20) | —158.4338
(230,5) |26.8381{(230,10) | —19.9992| (230,15) | —555.2974 |(230,20)|—103.5581
(240,5)] 25.9493 | (240,10) | —20.1998 (240,15) | —510.1432 | (240,20)| —97.9127
(250,5) |25.0021 | (250,10) | —21.4585| (250,15) | —502.3218 |(250,20)| —81.2792
(260,5) [24.9391(260,10) | —25.8131| (260,15) | —499.9992 |(260,20) | —72.4318
(270,5) | 24.2521 | (270,10) | —26.3418 | (270,15) | —493.2998 |(270,20)| —53.3841
(280,5) | 23.9995 | (280,10) | —28.4531| (280,15) | —491.1273 |(280,20) | —32.4882
(290,5) | 23.8417 | (290,10) | —29.3845 | (290,15) | —482.7324 |(290,20)| —21.4331
(300,5)|11.2414(300,10) | —31.8184| (300,15) | —480.1998 |(300,20)| —9.1946

Table 1. The values of C(T,N)
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(U,N) | ¢(U,N) | (U N) C(U,N) | (U,N) | (U, N)
(50,10) |—198.7865| (50,15) | —471.2356 | (50,20) |—405.5679
(60,10) |—197.8432| (60,15) | —463.3301 | (60,20) |—403.9912
(70,10) |—191.4331| (70,15)| — 493.1928| (70,20) | —400.8137
(80,10) |—187.9924| (80,15) | —491.2893 | (80,20) |—391.4383
(90,10) |—184.2311| (90,15) | —489.1214 | (90,20) |—387.8843
(100,10) |—145.3213| (100,15) | —487.4123 |(100,20)|—378.1812
(110,10) |[—111.4528 (110,15) | —463.1122 |(110,20)|—373.1199
(120,10) [—105.3521 | (120,15) | —461.6472 |(120,20)|—369.9911
(130,10) | —99.9921 | (130,15) | —459.4382 |(130,20)|—363.0011
(140,10) | —81.9824 | (140,15) | —444.4482 |(140,20)|—353.5236
(150,10) | —80.4531 | (150,15) | —431.8231 |(150,20)|—349.1015
(160,10) | —75.6312 | (160,15) | —429.3481 |(160,20)|—330.2927
(170,10) | —71.4531 | (170,15) | —421.1789 |(170,20)|—324.1082
(180,10) | —65.6341 | (180,15) | —419.9943 |(180,20)|—316.9857
(190,10) | —63.9928 | (190,15) | —413.4382 |(190,20)|—312.8923
(200,10) | —61.7529 | (200,15) | —410.1284 |(200,20)|—310.9932

Table 2. The values of C(U, N)

In this case, using equation (15) and overpassing numerical calculations, we arrive at (U, N)* = (70, 15), such that C(U, N)
is minimum at (U, N)* and the long-run average cost is C(U, N) = C(70,15) = —493.1928 monetary units. The values of
C(U, N) for U ranging from 50 to 200 time units and N ranging from 10 to 20, are evaluated. Some of the values of C(U, N)

are given in Table 2.

6. Conclusion

By considering a repairable system for a monotone process model of a one component multisate degenerative system, explicit
expressions for the long-run average cost per unit time under the bivariate replacement policies (T, N), (U, N), (T't, N) and
(U7, N) have been derived. Numerical examples for some of the bivariate replacement policies are given to illustrate the

models and methodology developed in this paper.
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