International Journal of Current Research in Science and Technology
Volume 3, Issue 1 (2017), 23-35.
ISSN: 2394-5745

Available Online: http://ijerst.in/

International Journal of Current Research in Science and Technology

Corrections on Decompositions of w-continuity™

Research Article

O.Ravi'l, I.Rajasekaran', M.Paranjothi? and S.Satheesh Kanna?

1 Department of Mathematics, P.M.Thevar College, Usilampatti, Madurai, Tamil Nadu, India.
2 Department of Mathematics, Sree Sowdambiga College of Engineering, Aruppukottai, Tamil Nadu, India.

3 Department of Mathematics, Rajah Serfoji Government College, Thanjavur, Tamil Nadu, India.

Abstract: In 2009, Noiri et al [3] introduced some weaker forms of w-open sets in topological spaces. In this paper, we introduce
some new subsets of 7, in topological spaces. Using the weaker forms of w-open sets and the new subsets of 7,, we obtain
some new decompositions of w-continuity.

MSC: 54C05, 54C08, 54C10.

Keywords: w-R-closed set, H} -set, w-AB#-set, locally w-closed set, strong S-w-open set, w-extremally disconnected space.
© JS Publication.

1. Introduction

Hdeib [2] introduced the concepts of w-closed and w-open sets in topological spaces. Noiri et al [3] introduced the concepts
of a-w-open, pre-w-open, B-w-open and b-w-open sets in topological spaces and investigated their properties. Moreover, they
used them to obtain decompositions of continuity. Quite Recently, Ravi et al [5] introduced another weaker form of w-open
sets called semi-w-open sets and proved that the class of semi-w-open sets is stronger form of the class of b-w-open sets. Also,
they studied their topological properties. Ravi et al [4] introduced some subsets of 7., and studied their properties. Further
more they used them to obtain some decompositions of continuity. In this paper, we introduce some new subsets of 7, in
topological spaces. Using the weaker forms of w-open sets and the new subsets of 7,,, we obtain some new decompositions

of w-continuity.

2. Preliminaries

Throughout this paper, R (resp. N, Q, Q*, Q%) denotes the set of all real numbers (resp. the set of all natural numbers, the
set of all rational numbers, the set of all irrational numbers, the set of all positive irrational numbers). By a space (X, 7), we
always mean a topological space (X, 7) with no separation properties assumed. If H C X, cI(H) and int(H) will, respectively,

denote the closure and interior of H in (X, 7). 7, denotes the usual topology on R.

*

This paper is published in the South Asian Journal of Mathematics, volume 6, issue 5, year 2016, pages 215-228. Examples
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Definition 2.1 ([6]). Let H be a subset of a space (X, T), a point p in X is called a condensation point of H if for each

open set U containing p, U N H is uncountable.

Definition 2.2 ([2]). A subset H of a space (X, T) is called w-closed if it contains all its condensation points. The complement

of an w-closed set is called w-open.

It is well known that a subset W of a space (X, 7) is w-open if and only if for each x € W, there exists U € 7 such that
x € U and U — W is countable. The family of all w-open sets, denoted by 7., is a topology on X, which is finer than 7. The

interior and closure operator in (X, 7.,) are denoted by int, and cl,, respectively.

Definition 2.3 ([3]). A subset H of a space (X, T) is called

(1). a-w-open if H C inty, (cl(int, (H)));

(2). pre-w-open if H C int, (cl(H));

(8). B-w-open if H C cl(int, (cl(H)));

(4). b-w-open if H C int, (cl(H)) U cl(int, (H)).

Definition 2.4 ([5]). A subset H of a space (X, T) is called semi-w-open if H C cl(int.,(H)).

Definition 2.5 ([4]). A subset H of a space (X, T) is called

(1). an w*-t-set if int(H) = cl(int,(H));

(2). an w#-B-set if H=UNV, where U € 7 and V is an w* -t-set.

Definition 2.6 ([1]). A subset H of a space (X, T) is called locally closed if H=U NV, where U is open and V is closed.
Definition 2.7 ([5]). A subset H of a space (X, 7) is called an w*-t-set if int,, (cl(H)) = int,(H).

Definition 2.8 ([3]). A subset H of a space (X, T) is called an w-t-set if int(H) = int, (cl(H)).

Definition 2.9 ([5]). A subset H of a space (X, 7) is called semi-w-reqular if H is semi-w-open and an w*-t-set.
Remark 2.10 ([3, 5]). The diagram holds for subsets of a space (X, T):

open — «-w-open — pre-w-open

4 4 4

w-open — semi-w-open — b-w-open — [B-w-open

In this diagram, none of the implications is reversible.
Theorem 2.11 ([5]). Let H be a subset of a space (X, 7). Then H is a-w-open if and only if it is semi-w-open and pre-w-open.

Remark 2.12 ([4]). (1). In R with usual topology T, a subset H with int(H) = ¢ is an w*-t-set if and only if int(H) =
¢ =int,(H).

(2). In R with usual topology T, there is no proper subset H, with int(H) # ¢ which is an w¥ -t-set. (or) The only subset

in R, with nonempty interior, which is an w™ -t-set is R itself.

Example 2.13 ([4]). In R with usual topology 7., H = Q* is not an w¥-t-set by (1) of Remark 2.12 since int(H) = ¢ #
inty,(H).
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3. Generalizations of w-open Sets

Definition 3.1. A subset H of a space (X, 7) is called an w-B**-set if H=U NV, where U € 7, and V is an w? -t-set.
Remark 3.2. In a space (X,7),

(1). Every w-open set is an w-B**-set.

(2). Every w¥-t-set is an w-B**-set.

Example 3.3. In R with usual topology 7.,

(1). H=1[0,1]NQ is w#-t-set by (1) of Remark 2.12 and hence an w-B**-set by (2) of Remark 3.2.

(2). H = [0,1] is not an w-B**-set. If H =U NV where U € 7, and V is an w¥-t-set, then H C V. Since int(H) # ¢,
mt(V) # ¢. Hence V=R by (2) of Remark 2.12. Thus H=UNR = U where U € 7,. Hence H € 7, which is a

contradiction. So H = [0,1] is not an w-B**-set.
Remark 3.4. The converses of (1) and (2) in Remark 3.2 are not true as seen from the following Ezample.
Example 3.5. In R with usual topology 7.,
(1). H=1[0,11NQ is an w-B**-set by (1) of Example 3.3. But H is not w-open since H # int,(H).
(2). H=(0,1) is w-open and hence an w-B**-set by (1) of Remark 3.2. But H is not an w¥ -t-set.
Proposition 3.6. For a subset H of a space (X, T), the following are equivalent:
(1). H is w-open;
(2). H is semi-w-open and an w-B**-set.

Proof.

(1)=(2): (2) follows by Remark 2.10 and (1) of Remark 3.2.

(2)=(1): Given H is an w-B*-set. So H = UNV where U € 7, and V is an w¥#-t-set. Then H C U = int,(U).
Also H is semi-w-open implies H C cl(int,(H)) C cl(int,(V)) = int(V) by assumption. Thus H C int,(U) Nint(V) C

int,(U) Nint, (V) = int,(UNV) = int,(H) and hence H is w-open. O
Remark 3.7. The following Example shows that the concepts of semi-w-openness and being an w-B**-set are independent.
Example 3.8. In R with usual topology Tu,

(1). H=10,1]NQ is an w-B**-set by (1) of Remark 3.5. But H is not semi-w-open since H € cl(int.,(H)) = cl(¢) = ¢.

(2). For H = [0,1], c(intu(H)) = cl((0,1)) = [0,1]. Thus H C cl(int,(H)) and H is semi-w-open. But H is not an
w-B**-set by (2) of Example 3.5.

Definition 3.9. A subset H of a space (X, T) is called
(1). an w**-t-set if int, (H) = cl(int,(H)).
(2). an w*-B-set if H=U NV, where U € 7, and V is an w**-t-set.

Example 3.10. In R with usual topology 7.,
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(1). H=1[0,1]NQ is an w**-t-set since int,(H) = cl(int,(H)) = ¢.

(2). H=1[0,1] is not an w**-t-set since int,(H) = (0,1) and cl(int,(H)) = [0, 1].
Remark 3.11. In a space (X, 7),

(1). Every w-open set is an w**-B-set.

(2). Bvery w**-t-set is an w**-B-set.

Example 3.12. (1). In R with usual topology 7o, H = [0,1] N Q is an w**-t-set by (1) of Example 3.10 and hence an
w**-B-set by (2) of Remark 3.11.

(2). In R with the topology 7 = {$, R, Q}, H = QU {V/2} is not an w**-B-set.

If H=UNYV where U € 7, and V is an w**-t-set then H C V and cl(int,(H)) C cl(int,(V)) = int,(V). Hence
c(Q) C intw (V) and we have R C int, (V). Thus R=V and H =UNR =U € 7, which is a contradiction since H is

not w-open. This proves that H is not an w**-B-set.
Remark 3.13. The converses of (1) and (2) in Remark 3.11 are not true as seen from the following Example.
Example 3.14. In R with usual topology 7.,
(1). H=1[0,1]1NQ is an w**-B-set by Example 3.12(1). But H is not w-open since H # int,,(H).
(2). H=1(0,1) is w-open and hence an w**-B-set by (1) of Remark 3.11. But H is not an w**-t-set.
Proposition 3.15. For a subset H of a space (X, T), the following are equivalent:
(1). H is w-open;
(2). H is semi-w-open and an w**-B-set.

Proof.

(1)=(2): (2) follows by Remark 2.10 and (1) of Remark 3.11.

(2)=(1): Given H is an w**-B-set. So H = U NV where U € 7, and int, (V) = cl(int,(V)). Then H C U = int,,(U).
Also H is semi-w-open implies H C cl(int,(H)) C cl(int,(V)) = int, (V) by assumption. Thus H C int,(U) Nint, (V) =

int,(UNV) =int,(H) and hence H is w-open. O
Remark 3.16. The following Example shows that the concepts of semi-w-openness and being an w**-B-set are independent.
Example 3.17.

(1). In R with usual topology T, H = [0,1] N Q is w**-B-set by (1) of Example 3.14. But H is not semi-w-open since

H ¢ c(int,(H)) = ¢.

(2). In R with the topology 7 = {¢, R, Q}, for H=QU {2}, cl(int,(H)) = cl(Q) =R and H C cl(int,(H)). Hence H is

semi-w-open. But H is not an w**-B-set by (2) of Example 3.12.
Proposition 3.18. In a space (X,7), every w? -t-set is an w**-t-set.

Example 3.19. In R with the topology 7 = {¢, R, Q}, for H = Q*, cl(int,(H)) = cl(H) = H = int,(H). Hence H is an

w**-t-set. But int(H) = ¢ # cl(int,(H)). Thus H is not an w™ -t-set.

26



O.Ravi, I.Rajasekaran, M.Paranjothi and S.Satheesh Kanna

Proposition 3.20. In a space (X, T), every w-B**-set is an w**-B-set.
Proof. Tt follows from Proposition 3.18. O

Example 3.21. Let X = AU B where A = (0,1) and B = (1,2) and 7 = {¢, X, A, ANQ,(ANQ)U B}. Then for
H=(ANQ")U(BNQ), intu(H) = ANQ* and cl(int,(H)) = cl(ANQ*) = ANQ* = inty,(H). Thus H is an w**-t-set and
hence H is an w**-B-set by (2) of Remark 3.11. We prove that H is not an w-B**-set. If H=UNV where U € 7, and V is an
w#-t-set, then H C V. This implies cl(int,(H)) C cl(int,(V)) = int(V) by assumption. Thus int,(H) C int(V) and int(V)
is an open set containing int,(H) = ANQ*. Soint(V) = (0,1) or X. If int(V) = (0,1) then int(V') = cl(int.,(A)) is a closed
set which is a contradiction since int(V) = (0,1) is not closed. Hence int(V) =X andV =X. Tus H=UNX=U € 7,

which is a contradiction since H is not w-open. This proves that H is not an w-B**-set.

4. New Subsets of 7,

Definition 4.1. A subset H of a space (X, 7) is called an w*-B-set if H=U NV, where U € 7, and V is an w*-t-set.
Remark 4.2. In a space (X,T),

(1). Every w-open set is an w*-B-set.

(2). Bvery w*-t-set is an w*-B-set.

Example 4.3. In R with usual topology Tu,

(1). H=1(0,1] is an w*-t-set and hence an w*-B-set by (2) of Remark 4.2.

(2). H=Q is not anw*-B-set. If H=UNV whereU € 1, and V is an w*-t-set, then H C V and int,,(cl(H)) C inty,(cl(V)).
Hence R C inty,(cl(V)) = int, (V) and thus R=V and H = U NR = U € 7, which is a contradiction since H is not

w-open. This proves that H is not an w”-B-set.
Remark 4.4. The converses of (1) and (2) in Remark 4.2 are not true as seen from the following Ezample.
Example 4.5. In R with usual topology Tu,
(1). H=(0,1] is an w*-B-set by (1) of Example 4.3. But H is not w-open.
(2). H=Q" is w-open and hence an w*-B-set by (1) of Remark 4.2. But H is not an w*-t-set.
Proposition 4.6. For a subset H of a space (X, T), the following are equivalent:
(1). H is w-open;
(2). H is pre-w-open and an w*-B-set.

Proof.

(1)=(2): (2) follows by Remark 2.10 and (1) of Remark 4.2.

(2)=(3): Given H is an w*-B-set. So H = U NV where U € 7, and int,(cl(V)) = int, (V). Then H C U = int,,(U).
Also H is pre-w-open implies H C into (cl(H)) C intw(cl(V)) = int, (V) by assumption. Thus H C int,(U) Ninte, (V) =

int,(UNV) =int,(H) and hence H is w-open. O

Remark 4.7. The following Example shows that the concepts of pre-w-openness and being an w*-B-set are independent.
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Example 4.8. In R with usual topology 7.,

(1). H=Q is pre-w-open but not an w*-B-set by (2) of Example 4.3.

(2). H=(0,1] is an w*-B-set by (1) of Example 4.3. But H is not pre-w-open since H ¢ int,(cl(H)) = (0, 1).
Definition 4.9. A subset H of a space (X, 7) is called an w-B*-set if H=U NV, where U € 7, and V is w-t-set.
Remark 4.10. In a space (X, ),

(1). Every w-open set is an w-B*-set.

(2). Every w-t-set is an w-B*-set.

Example 4.11. In R with usual topology 7.,

(1). H=(0,1] is an w-t-set and hence an w-B*-set by (2) of Remark 4.10 .

(2). H=Q is not an w-B*-set. If H=UNV where U € 7, and V is an w-t-set then H C V and int., (cl(H)) C int, (cl(V)).
Hence R C inty,(cl(V)) = int(V). Thus R =V and H =UNR = U € 7, which is a contradiction since Q is not

w-open. This proves that H = Q is not an w-B*-set.
Remark 4.12. The converses of (1) and (2) in Remark 4.10 are not true as seen from the following Ezample.
Example 4.13. In R with usual topology 7.,
(1). H=1(0,1] is an w-B*-set by (1) of Example 4.11. But H is not w-open.
(2). H= Q" is w-open and hence an w-B*-set by (1) of Remark 4.10. But H is not an w-t-set.
Proposition 4.14. For a subset H of a space (X, T), the following are equivalent:
(1). H is w-open;
(2). H is pre-w-open and an w-B*-set.

Proof.

(1)=(2): (2) follows by Remark 2.10 and (1) of Remark 4.10.

(2)=-(1): Given H is an w-B*-set. So H = U NV where U € 7, and int,(cl(V)) = int(V). Then H C U = int,,(U).
Also H is pre-w-open implies H C int,(cl(H)) C into(cl(V)) = int(V) by assumption. Thus H C int.,(U) N int(V) C

inty,(U) Nint, (V) = int,(UNV) = int,(H) and hence H is w-open.

Remark 4.15. The following Example shows that the concepts of pre-w-openness and being an w-B*-set are independent.
Example 4.16. In R with usual topology 7.,

(1). H=(0,1] is an w-B*-set by (1) of Example 4.11. But H is not pre-w-open by (2) of Example 4.8.

(2). H=Q is pre-w-open by (1) of Example 4.8. But H is not an w-B*-set by (2) of Example 4.11.

Definition 4.17. A subset H of a space (X, T) is called

(1). w-R-closed [5] if H = cl(int.,(H)).

(2). w-R-open if H = int(cl,(H)).
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The complement of an w-R-open set is called w-R-closed.

Example 4.18. In R with usual topology 7.,

(1). H=1[0,1] is w-R-closed.

(2). H=(0,1] is not w-R-closed.

Definition 4.19. A subset H of a space (X, 7) is called a H-set if H=U NV, where U € 1, and V is w-R-closed.
Remark 4.20. In a space (X, 1),

(1). Every w-open set is a Hy-set.

(2). Every w-R-closed set is a H,-set.

(3). Bvery w-R-closed set is closed by definition.

(4). A nonempty subset H is w-R-closed if and only if int,(H) # ¢.

Example 4.21. In R with usual topology 7.,

(1). H=[0,1] is w-R-closed by (1) of Example 4.18 and hence a H}-set by (2) of Remark 4.20.

(2). H=Q is not a H-set. If H=U NV where U € 7, and V is w-R-closed, then H C V. Hence cl(H) C cl(V) =V by
(3) of Remark 4.20. Thus R CV and so R =V. Then we have H=UNR = U € 7, which is a contradiction since

H = Q is not w-open. This proves that H = Q is not a H,,-set.
Remark 4.22. The converses of (1) and (2) in Remark 4.20 are not true as seen from the following Example.
Example 4.23. In R with usual topology 7.,
(1). H=1[0,1] is H},-set by (1) of Example 4.21. But H is not w-open.
(2). H=1(0,1) is w-open and hence H}-set by (1) of Remark 4.20. But H is not w-R-closed.
Theorem 4.24. For a subset H of space (X, T), the following are equivalent:
(1). H is w-open;
(2). H is a-w-open and a H}-set.
(3). H is pre-w-open and a H},-set.

Proof.

(1)=(2): (2) follows by Remark 2.10 and (1) of Remark 4.20.

(2)=-(3): (3) follows by Remark 2.10.

(3)=(1): Given H is a H},-set. So H=U NV where U € 7, and V = cl(int,(V)). Then H C U = int,,(U). Also H is pre-
w-open implies H C inty,(cl(H)) C inty,(cl(V)) = intw(cl(cl(int,(V)))) (by assumption) = int,(cl(int,(V))) = int, (V).
Thus H C int,(U) Nint, (V) = int,(UNV) =int,(H) and hence H is w-open. O

Remark 4.25. The following Example shows that

(1). the concepts of a-w-openness and being a H-set are independent.
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(2). the concepts of pre-w-openness and being a H,,-set are independent.
Example 4.26. (1). In R with usual topology 7o, H = [0,1] is a H}-set by (1) of Example 4.23. But H is not a-w-open.

(2). In R with the topology 7 = {¢, R, N}, for H = Q, int,(cl(int,(H))) = into,(cl(N)) = int,(R) = R and so H C
inty (cl(int, (H))). Hence H is a-w-open. But H is not a Hj-set. If Q = H =UNV where U € 1, and V is w-R-closed,
then we have H C 'V and cl(H) C (V) =V by (3) of Remark 4.20. Thus R CV and so R = V. Then we have

H=UNR=U € 7, which is a contradiction since H is not w-open. This proves that H is not a H} -set.
Example 4.27.
(1). In R with usual topology Tu, H = [0,1] is a H}-set by (1) of Example 4.26. But H is not pre-w-open.
(2). In R with the topology 7 = {¢, R, N}, H = Q is pre-w-open but not a H}-set by (2) of Example 4.26.
Definition 4.28. A subset H of a space (X,7) is called an w-AB¥-set if H=UNV, where U € 7., and V is semi-w-regular.
Remark 4.29. In a space (X, 1),
(1). Every w-open set is an w-AB¥ -set.
(2). Bvery semi-w-regular set is an w-AB¥ -set.
Example 4.30. In R with usual topology 7.,
(1). H = (0,1] is both semi-w-open and an w*-t-set. So H is semi-w-regular and hence an w-AB¥ -set by (2) of Remark 4.29.

(2). H=Q is not an w-AB*-set. If H = U NV where U € 7, and V is semi-w-regular, then H C V and int,(cl(H)) C
inty, (cl(V)) = int, (V) by assumption. Hence R C int,(V) CV and R =V. Thus H=UNR =U € 7, which is a

contradiction since H is not w-open. This proves that H = Q is not an w-AB¥ -set.
Remark 4.31. The converses of (1) and (2) in Remark 4.29 are not true as seen from the following Example.
Example 4.32.
(1). In R with usual topology 7o, H = (0,1] is w-AB*-set by (1) of Example 4.30. But H is not w-open.

(2). In R with the topology 7 = {$,R,Q}, H = Q is w-open and hence an w-AB¥-set by (1) of Remark 4.29. But
int,(H) = H and inty,(cl(H)) = int,(R) = R and int, (H) # intw(cl(H)). Thus H is not an w*-t-set and hence not

semi-w-regular.
Theorem 4.33. For a subset H of a space (X, ), the following are equivalent:
(1). H is w-open;
(2). H is a-w-open and an w-AB¥ -set.
(3). H is pre-w-open and an w-AB¥ -set.

Proof.

(1)=(2): (2) follows by Remark 2.10 and (1) of Remark 4.29.

(2)=(3): (3) follows by Remark 2.10.

(3)=(1): Given H is an w-AB¥-set. So H = UNV where U € 7, and V is semi-w-regular. Then H C U = int,(U).
Also H is pre-w-open implies H C inty, (cl(H)) C inty(cl(V)) = int,(V) by assumption. Thus H C int,(U) Nint, (V) =

nt,(UNV) =int,(H) and hence H is w-open. O
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Remark 4.34. The following Example shows that

(1). the concepts of a-w-openness and being an w-AB*-set are independent.

(2). the concepts of pre-w-openness and being an w-AB#-set are independent.

Example 4.35.

(1). In R with usual topology 7,, H = (0,1] is an w-AB¥-set by (1) of Example 4.32. But H is not a-w-open.

(2). In R with topology 7 = {¢, R, N}, for H = Q, int,(cl(int,(H))) = inty,(cl(N)) = int,(R) = R D H. Thus H is
a-w-open. But H is not an w-AB¥-set. If H = U NV where U € 7, and V is semi-w-reqular then H C V and
inty (cl(H)) Cinty,(cl(V)) = intw (V) by assumption. Hence R C int,(V) CV and V =R. Thus H=UNR=U € 7,

which is a contradiction since H is not w-open. This proves that H = Q is not an w-AB” -set.
(3). In R with usual topology 7, H = Q is pre-w-open but not an w-AB¥-set by (2) of Example 4.30.

(4). In R with usual topology 7., H = (0,1] is an w-AB¥-set but not pre-w-open.

5. w-extremally Disconnected Space

Definition 5.1. A subset H of a space (X, 7) is called locally w-closed if H=U NV, where U € 7, and V is closed.
Remark 5.2. In a space (X,7),

(1). Every w-open set is locally w-closed.

(2). Every closed set is locally w-closed.

Example 5.3.

(1). In R with the topology 7 = {¢, R, Q}, H = Q is w-open and hence locally w-closed by (1) of Remark 5.2.

(2). In R with usual topology T, H = Q is not locally w-closed. If H =U NV where U € 7, and V is closed, then we have
H CV and cl(H) C (V) =V by assumption. Thus R CV and soR=V. But H=UNR =U € 7, which is a

contradiction since H = Q is not w-open. This proves that H = Q is not locally w-closed.
Remark 5.4. The converses of (1) and (2) in Remark 5.2 are not true as seen from the following Ezample.
Example 5.5. In R with usual topology Tu,
(1). H=[0,1] is closed and hence locally w-closed by (2) of Remark 5.2. But H is not w-open.
(2). H= Q" is w-open and hence locally w-closed by (1) of Remark 5.2. But H is not closed since H # cl(H) = R.
Proposition 5.6. For a subset H of a space (X, T), the following are equivalent:
(1). H is w-open;

(2). H is pre-w-open and locally w-closed.
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Proof.

(1)=(2): (2) follows by Remark 2.10 and (1) of Remark 5.2.

(2)=-(1): Given H is locally w-closed. So H =U NV where U € 7, and ¢l(V) = V. Then H C U = int,,(U). Also H is pre-
w-open implies H C int,(cl(H)) C inty(cl(V)) = int,, (V) by assumption. Thus H C int, (U) Nint,(V) = int,(UNV) =

int,(H) and hence H is w-open. O
Remark 5.7. The following Example shows that the concepts of pre-w-openness and locally w-closedness are independent.
Example 5.8. In R with usual topology Tu,

(1). H=[0,1] is closed and hence locally w-closed by (2) of Remark 5.2. But H is not pre-w-open.

(2). H=Q is pre-w-open but not locally w-closed, by (2) of Example 5.3.

Proposition 5.9. FEvery locally closed set is locally w-closed.

Proof. It follows from the fact that every open set is w-open. O
The converse of Proposition 5.9 is not true follows from the following Example.

Example 5.10. In R with usual topology T, H = Q" is locally w-closed by (2) of Example 5.5. If H = U NV where U
is open and V is closed, then H C'V and cl(H) C cl(V) =V by assumption on V. Thus R CV and so V = R. Then
H = UNR = U which implies that H is open. This is a contradiction since H = Q* is not open. Thus H = Q* is not locally

closed.

Definition 5.11. A subset H of a space (X, T) is called strong B-w-open if H C cl(int,(clu(H))).

Example 5.12. In R with usual topology 7.,

(1). H = (0,1] is strong S-w-open.

(2). H=Q 1s not strong B-w-open.

Proposition 5.13. In a space (X, T), every strong B-w-open set is B-w-open.

Proof. Let H be a strong S-w-open set. Then H C cl(intw(cl,(H))) C cl(intw(cl(H))). Thus H is S-w-open. O
Example 5.14. In R with usual topology T.,, H = Q is f-w-open set but not strong B-w-open.

Proposition 5.15. In a space (X, T), every semi-w-open set is strong S-w-open.

Proof. Let H be a semi-w-open set. Then H C cl(int.,(H)) C cl(int,(cl,(H))). Thus H is a strong S-w-open. O

Example 5.16. In R with the topology 7 = {¢,R,Q*}, H = Q7. is strong B-w-open but not semi-w-open.
For, cl,(H) = R and cl(int,(cl,(H))) = cl(intu(R)) = cl(R) = R. Thus H C cl(int.,(clw(H))) and hence H is strong
B-w-open. But int,(H) = ¢ and cl(int,(H)) = cl(¢p) = ¢. Thus H € cl(int.,(H)) and hence H is not semi w-open.

Definition 5.17. A space (X, 7) is called w-extremally disconnected if the closure of every w-open subset H of X is w-open.
Theorem 5.18. For a space (X, 7), the following are equivalent:
(1). X is w-extremally disconnected.

(2). int(H) is w-closed for every w-closed subset H of X.
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(3). cl(int,(H)) C inty,(cl(H)) for every subset H of X.

(4). Every semi-w-open set is pre-w-open.

(5). The closure of every strong B-w-open subset of X is w-open.

(6). Every strong B-w-open set is pre-w-open.

(7). For every subset H of X, H is a-w-open if and only if it is semi-w-open.

Proof.
(1)=-(2): Let H C X be a w-closed. Then X\H is w-open. By (1), cl(X\H) = X\int(H) is w-open. Thus, int(H) is
w-closed.

2)=0

): Let H be any subset of X. Then X \int.,(H) is w-closed in X and by (2), int(X \int,, (H)) is w-closed in X. Therefore
cl(inty,(H)) is w-open in X and cl(int,(H)) C inty(cl(H)).

(3)=(4): Let H be semi-w-open. Then H C cl(int,(H)) and by (3), H C int,(cl(H)). Thus, H is pre-w-open.
(

(4)=>(5): Let H be a strong S-w-open set. Then H C cdl(inty(clu(H))) and cl(H) C d(c(inty(clu(H))))

cl(inty(cly(H))) C c(intw,(cl(H))). Thus cl(H) is semi-w-open. By (4), cl(H) is pre-w-open. So cl(H) C int.(cl(cl(H))) =
int,(cl(H)). Hence cl(H) is w-open.
(5)=(6): Let H be strong S-w-open. By (5), cl(H) = int,(cl(H)) and H C cl(H). Hence H C int,(cl(H)) and thus H is
pre-w-open.
(6)=(7): Let H be semi-w-open. Since a semi-w-open set is strong S-w-open by Proposition 5.15 and by (6) it is pre-w-open.
Since H is semi-w-open and pre-w-open, by Theorem 2.11, H is a-w-open.
Conversely, the result follows from the fact that every a-w-open set is semi-w-open.
(7)=(1): Let H be an w-open set of X. Then H = int,, (H) and cl(H) = cl(int.,(H)) C cl(inty,(cl(H))). Thus cl(H) is semi-w-
open and by (7), cl(H) is a-w-open. Therefore cl(H) C int., (cl(int, (cl(H)))) = int.,(cl(H)) and hence cl(H) = int., (cl(H)).

Hence cl(H) is w-open and X is w-extremally disconnected. O
Theorem 5.19. For an w-extremally disconnected space (X, ), the following are equivalent:

(1). H is an w-open.

(2). His a-w-open and a locally w-closed.

(3). H is pre-w-open and a locally w-closed.

(4). H is semi-w-open and a locally w-closed.

(5). H is b-w-open and a locally w-closed.

Proof.

(1)=(2); (2)=(3); (2)=(4); (3)=(5) and (4)=-(5): Obvious by Remark 2.10 and (1) of Remark 5.2.

(5)=-(1): Since H is b-w-open in X, it follows that H C cl(int.,(H)) Uint,(cl(H)). Since H is locally w-closed, there exists
an w-open set G such that H = GNcl(H) and H C G. 1t follows from Theorem 5.18(3) that H C G N [cl(int,(H)) U
intw(cl(H))] = [GNcl(int, (H))] UG Nint, (cl(H))] C [GNint,(cl(H))]U[GNint,(cl(H))] = GNint,(c(H)) = int,(G) N
intw(cl(H)) = intu,(GNcl(H)) =int,(H). Thus, H = int,(H) and hence H is w-open in X. O
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6. Decompositions of w-continuity

Definition 6.1 ([3]). A function f: X — Y is called pre-w-continuous (resp. a-w-continuous, w-continuous) if f~1(V) is

pre-w-open (resp. a-w-open, w-open) in X for each open set Vin Y.

Definition 6.2 ([4]). A function f: X — Y is called semi-w-continuous if f~'(V) is semi-w-open in X for each open set

Vin Y.

Definition 6.3. A function f : X — Y is called w-B**-continuous (resp. w**-B-continuous, w*-B-continuous, w-B*-
continuous, M -continuous, w-AB* -continuous, contra locally w-continuous) if f=(V) is an w-B**-set (resp. an w**-B-set,

an w*-B-set, an w-B*-set, a Hy-set, an w-AB¥ -set, a locally w-closed set) in X for each open set Vin Y.

Theorem 6.4. For a function f: X — Y, the following are equivalent:

(1). fis w-continuous.

(2). fis semi-w-continuous and w-B**-continuous.

Proof. This is an immediate consequence of Proposition 3.6. (I
Theorem 6.5. For a function f: X — Y, the following are equivalent:

(1). fis w-continuous.

(2). fis semi-w-continuous and w**-B-continuous.

Proof. This is an immediate consequence of Proposition 3.15. O
Theorem 6.6. For a function f: X — Y, the following are equivalent:

(1). fis w-continuous.

(2). fis pre-w-continuous and w*-B-continuous.

Proof. This is an immediate consequence of Proposition 4.6. O
Theorem 6.7. For a function f: X — Y, the following are equivalent:

(1). fis w-continuous.

(2). fis pre-w-continuous and w-B* -continuous.

Proof. This is an immediate consequence of Proposition 4.14. O
Theorem 6.8. For a function f: X — Y, the following are equivalent:

(1). fis w-continuous.

(2). [is a-w-continuous and H -continuous.

(3). [ is pre-w-continuous and H},-continuous.

Proof. This is an immediate consequence of Theorem 4.24. O

Theorem 6.9. For a function f: X — Y, the following are equivalent:
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(1). fis w-continuous.

(2). fis a-w-continuous and w-AB¥ -continuous.

(3). fis pre-w-continuous and w-AB¥ -continuous.

Proof. This is an immediate consequence of Theorem 4.33. O
Theorem 6.10. For a function f: X — Y, the following are equivalent:

(1). fis w-continuous.

(2). [ is pre-w-continuous and contra locally w-continuous.

Proof. This is an immediate consequence of Proposition 5.6. (I
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