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Abstract: The object of this paper is to find a lower bound estimation for the number of zeros of the random transcendental
n
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1. Introduction
Ny (w) is the number of zeros of the random transcendental Polynomial
fu (o ) = 3 dute () 2 (1)
v=0
and d,’s be non-zero real numbers, when &, (w)’s are symmetric stable variates with characteristic function
exp (—C[t|*), C >0, 1 <a<2.

Assuming the coefficients &, (w)’s are non-identically distributed dependent random variables on probability space (2, B, P).

Define Normal Distribution with mean zero and joint density function

Nf=

_n —1_ ’
b Fen (Fama), @ =6, 6w, &) )
where M~ is the moment matrix with o; = 1, pi; = p,0<p<1,i# 4,4, j=0, 1,..., n and @ is the column vector whose
transpose is @ follows from [1], [2], [3]. Let G be the exceptional set defined by G = {w|Ny (w) > p (loglog n)? log n},
where p is a positive constant. We introduce a notation A = log n and M be the integer defined by M = [oz)\’t“—:] + 1, where

« is a positive constant and [.] implies the greatest integer function. Let k be the integer determined by M <n < M*+2,
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Again we introduce a new notation A, = m3 log n the random algebraic polynomial and M,, be a sequence of integers

defined by M,, = [b (':—:) log n] +1,m=1, 2,..., where b is a positive constant. Let k be the integer determined by

(2k)! M2F< n < (2k +2)! M2FT2.
We shall use the fact that each &,(w) has marginal frequency function %emp (—“72) . In this paper we have established
two theorems where the second theorem is a modified and more effective interpretation of the first one in the sense of Evans
[1], since the exceptional set G obtained in this case is independent of n. Throughout this paper n is considered to be very

large and p’s, a’s, b’s denote positive constants assuming different values in different occurrences.

2. Preliminary and Some Results

Theorem 2.1. Let fn (2, w)= > dv&s (w) 2° be a random transcendental polynomial, where the &, (w)’s are non-identically
v=0
distributed dependent random variables with mean zero and joint density function given by (2). Let d.’s be non-zero real

numbers such that
kn .
—=0(log n), where kn= max |dy|, tn= min |d,|
tn 0<v<n 0<v<n
Then there exist a positive integer ng Such that for n > ng

log n

fnw) 2 & log (’z—:)log n

and
kn
) log (ﬁ) log n

P(@) < p Tog 7

Where Np(w) is the number of real zeros of the polynomial and G is the exceptional set by G =
{w|Nn (w) > 1 (loglog n)*log n} and P(G) — 0 as n — oc.

Proof. Let
A=log n 3)
and M be the integer defined by
M = [aAIZ—n} +1 (4)

where « is a positive constant and [.] implies the greatest integer function. Let k be the integer determined by
M2k S n< M2k+2 (5)

It follows from (3), (4), and (5) that, for two constants p1 and pe,

log n
log (’z—:) log n

log n
log (f—") log n

n

1 <k<pe

We shall consider f, (z, w) at the points

o= (1= M~2™)? (7)
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for m = [g] +1, [%] 4+ 2,....,k. Let

(zm, w) Zd & (W) zm+ (Z—i—Z) dvéy (W) 2 = A (W) + R (w)

where v ranges from M>™~! +1 to M>*™*!in 3" and from 0 to M>""" in 3" and from M>™*' +1 ton in 3 where
1 2 3

Zd & (w) 2m
= <Z+Z> dv&y (W) 2

The following lemmas are necessary for the rest proof of Theorem 2.1

Lemma 2.2. For a1 >0, om > aitn M*™, where

(1-p ZdQZﬁf—&—p(Zdvzm) (0<p<1) *)

Proof.

—
-
~

2
B
S ol > 03 2l > ta M (7> = <Z de;;> > od2 Mi™
1 1 Ave 1
a1 is a positive constant. Where A, B and constants satisfying the relations, A > 1 and 0 < B < 1. Again

zljdz >MP™2 (%) (ii)

From (i) and (ii), (*) becomes o2, >a3t2 M*™ (wherea; is a positive constant) and hence o, >a1t, M>™. Which gives the

result.

Lemma 2.3.

p{w

Proof. Let F(z) be the distribution function of Y d,&, (w) 25, Then
2

p{w

—A2

2
- 2e 2 2 _2v
>/\Um}<1/ﬂ_ 5\ where Fo,=(1—p Zd zm+p(2d zm> 0<p<1).

: Z dv&y (W) 2,
2

: Z dv&y (W) 27,
2

>/\Em} =1 {F (\om) —F (—\om)}

o 2 =22
= g/ 6%dt< 862
Vo, DY

Lemma 2.4.

p{w

Lemma 2.5. For a fixed m,

A2

2
= 2e 2 2 20 v
) Zm | > /\Um}<\/; T where am (1-p Zd zm+p<§dvzm> , (0<p<])

v

A2

P {w: | R ()] < crm}>1—2\/ze)\7
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Proof. For given m, we have |R,, (w)| <A (Em+§m) again

Zd2 w < 2k M and Y duzy, < 2k, MPTT

Hence 72, < a2k2M*™ ' < a2k2M*™ 2, ap > 0. Similarly & am < AZEEMP T < 02kEMA™2 a3 > 0. Thus

|Rm (w)| < A(catas) k, M>™ 1
) o)

< 0m by the definition of M

by Lemma 2.1

Since the distribution function of A,, (w) is

Vv 2m Om 0o 20m
where

:(1—p)z zm—l—p(Zdzm) 0<p<1

1

W/ exp[ (i)] dt = D () (say)

Now let us define random events E,, and F,, by

The distribution function of % is

Em: {W:AQm (w) 20'2m7 A2m+1 (L«.)) <= U2m—1}

Fri={w:Aom (W) < — 02m, Aoms1 (W) >02m41}

It can be easily seen that P(E,UF,,) > § > 0, where ¢ is a positive constant. Then proceeding exactly as Samal and Mishra

[3] we shall get the following results.

No(w) > mk > 108 )
log (k") log n

and
iz , | log (k") log n
PG k =< —_—7
(G) <m )\672+k_u logn
Since ]:—:: 0 (log n), P (G)—0 as n—oo. Hence the Theorem 2.1. O

Theorem 2.6. Let
= Z dv&y (W) z
v=0

be a random transcendental polynomial, where the &,(w)’s are non-identically distributed dependent random variables with

mean zero and joint density function given by (2). Let d,’s be non-zero real numbers, such that

3

P 0(log n), where kn:()?%zuagxn |do], tnzorgri}gn |do|
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Then there ezist a positive integer ng such that for n > ng

log n

log (’Z—: log n)

, | log (log (%) logno)

logno

Np (w) > p and

P(G) <

Ny (w) is the number of real zeros of the polynomial and G is the exceptional set.

Proof.  Let

Am = m? log n (8)

and M,, be a sequence of integers defined by

Mm:{b<lj—n)logn}+l, m=1, 2,... 9)

n

where b is a positive constant. Let k be the integer determined by
(2k) ! M2F < n < (2k+2)! M2*T? (10)

It follows from (9) and (10) that for two constants pi and uo

log n
log (':—:log n)

log n

p ——8 < k< s
log (':—:log n)

(11)

We consider fn (z, w) at the points

o= Gt a }é 12

for m= [%] +1, [%} +2, , k. for large n we write
fr (Zm, w) =Am (W) + Rm (w)

where

Am (W)= dobo () 21,

and R, (w)= <Z + Z) dv€y (W) 2,

and the index v ranges from (2m — 1)! M2""* 4+ 1 to (2m + 1)! M2 in Y and from 0 to (2m — 1)! M2™" ! in 3" and
1 2
from (2m +1)! MZ™ ™ +1tonin >
3

The following lemmas are necessary for the rest proof of Theorem 2.6.

Lemma 2.7. Forr >0, om > Tty (2m)! M2™, where

2
om=(1-p) Zdizzj—l—p (Z duzfn> ,0<p<1 (*)
1 1
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Proof.
B\?2
Zd2z,2,§’>t < 2m) !Mimﬂ> , where A>1,0<B<1 (i)

and

<21: dvzfn>2>ti (Z zfn>2>ti ((Zm) M2m A?/E)Q (i)

1

From (i) and (ii), (*) becomes

BY\? B\’
2 _ 2 | 2m 2 | 2m
om > (1=p)t, ((Qm) M —Ae) + pty, ((Qm) M, A\/E>

And hence

Om > T1tn (2m)! M2
Again the following two Lemmas 2.8 and 2.9 can be proved as the process that has been adopted in Theorem 2.1.

Lemma 2.8.

_22 2
v 2e 2 2 _2v v
P{w w) Zm </\qm}<\/ﬂ_ Y where ¢n’=(1—p Zd Zm + p(?dvzm> .
Lemma 2.9.
5 -2 2
v 2 € 2 2 2v v
P{w w) Zm <)\Qm} <\/; Y where Q%= (1—p Zd Zm + p(?dvzm> .

A2

Lemma 2.10. For a fived m, P{ w: |Rpm (w)| <om}>1—2y/ 252

Proof. For a given m, we have |R,, (w)| <A(gm+Qm). Now

ngzfrfg 2ki(2m - 1! M?nm*l and
2

> vz < 2kn (2m —1)! MO
2

gm2< rokn(2m —1)! anm_l, where ro is a positive constant < rok,(2m)! anm_l. Similarly Q2,< rakn(2m)! anm_l,
where r3 is a positive constant. So,
MQm(Tz—F’r'g)

Therefore |Ry, (w)| < om except for a set of measure at most

2 67;\2 L
24/ = 5\ (by definition of M)
T

k k
for m = [5] +1, {5] +2,...,k.

Now defining the E,, and F,,, as in Theorem 2.1, we can have P(E,UF,,) > 6 > 0, where ¢ is an absolute constant. Now

let us define random variables X, (w), Ym(w) and net Gy, as

1, ifwe FE,UF,
Xom (W) = )
0, if w € (Bm UFpn).
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Thus

P{wXp,(w)=1}=6

and

P{w:Xpy(w)=0}=1-46

Let Gmn={ w:|Raom (w)| <o2m and Rom+1 (w) <o2m4+1} and

’

1, ifwe (Gm) -

Y (w) =

Let Ty (W) =Xm (W) =X (W) Y (w). If T, (w) = 1, then there exist a zero of the polynomial in the interval (zom, Z2m+1)-

Now proceeding as Samal and Mishra [3] we get,

Np(w)

Y]

pik
1
_en by (11)
log (’Z—:logn)

2
exp( ’;0)
and P(G)g%z+u3 Z _

k>2ko—1

P2 1
< 22 _
= o +Ua Z 3

k>2kg—1 ™0

2 1
R 2 —a
k0+ [ Z k%

k>ko

2
v (2)
0 k’02

, | log (log (’:7"1—(‘)’) logno)
logno

IA

IN

< by (11)

hence the Theorem 2.6. O
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