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Abstract: In this paper we constructed a function f possessing a scrambled set of full measure, then the function g is strictly increasing
on [0, 1/2] and strictly decreasing on [1/2, 1] and further we extend our result that lim sup |f"(z) — f"(y)| = 1 and
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lim igf [f™(z) — f™(y)] = 0.These claims to extend results such a kind obtained by Brukner A.M and [3]. Simtal .J [10]
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and Jiehu Mai [8].
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1. Introduction

2 if0<z<1/2
Let f :[0,1] — [0,1] is defined by f(z) = . And also we define that
2-2z if 1/2<z<1

(a). If x = 0.0z2.23.24 ... (binary expansion ), then f(z) = 0.z2.z3.24 ...
(b). If x = 0.1z2.x3.24 . .. (binary expansion), then f(z) = 0.y2.y3.ya ..., where y; =0 if z; =0 and y; = 1 if x; = 0.

(c). If every finite sequence of 0’s and 1’s appears in the binary expansion of x, the x has a dense orbit. Thus almost every

z € [0,1] has a dense orbit.

Smital .J [10] has shown that f has a scrambled set of full outer measure, but for any measurable scrambled set for f must
have zero measure. We first show that the function f has scrambled set S of Borel typeGs, that has a cardinality of the
continuum in every interval. A suitable transformation then the results in the function g. Our main aim is obtaining S
arises from the following considerations. If S is a scrambled set of f and x # y are in S, then the binary expansions of x and
y must contain arbitrary long string of 0’s and 1’s from definitions of (a) and (b) above. These strings must be positioned
properly so that the definition of scrambled set satisfied for x and y. These requirements must be achieved by every pair

(x,y ) in S. We shall achieve this by representing certain points in I by wedges.

2. Main Result

Theorem 2.1. Let S = {z, :w € W}
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(1). S is c-dense.

(2). S is a scrambled set for the tent map.
(3). S is first category Gs» subset of [0, 1].
Proof.

(1).  (i). card S=c

(ii). For any finite of integer with i1 < i2 < --- < i, there exists w € W containing l;,,li,, ..., l;,,. Corresponding to
1,92, ...,%n, but no other lattice point /; with j <4,. It follows that S is dense.
2z, if0<ax<1/2

(2). The tent map f:[0,1] — [1,0] is defined by f(z) =
2—2z, if1/2<z<1.

If wi,ws € W with w1 # w2 and ¢ = x.,,y = Zw, then there exists arbitrarily long finite sequences of consecutive
integers n,n+1,...,N and m,m +1,..., M such that x; =y; =0fori =n,n+1,...,N and z; =1 and y; = 0 (or
z;=0and y; =1) for i =m,m+1,..., M and such that ©;,—1,ym—1 are either both 0 or both 1. Using the property

of result (1), We have

[f"(x) = f" (W) = [0.2p41.Zny2 .. ENEN41 - = 0Ynt1 Ynt2 - YN YN+1 - - - |
Tn+1 Tn+2 TN TN+1 Yn+1 Yn+2
of + 22 +"'2N—n+2N—n+1+'“_< 5 + 92 + )‘
1 1 1 1
< §|$n+1 *yn+1|+2*2|$n+2*yn+2|+"‘+m|$N*yN|+2N77nH‘$N+1 *Z/N+1‘+---
. 1 1 1
— 2N7n+1 + 2N7n+2 + 2N7n+3 +..
_ 1 1 1 1
= oNomn LT or Tt
1
- QN—n "

Therefore , lim inf |f™(z) — f™(y)] = 0.
n— oo

= \O.xm+1.:cm+2 e e M TMA41 " — O-ym+1~ym+2 oYM YMF1 - - |
_ Tm+1 Tm+2 M Ym+1 Ym+2
Sl T +"’2M—m+1+""_( 21 +‘7?7’+'”)‘
> L + ! (@ar — yar)
= W (Tt — Y1) | 22(Tmrz — Ympa) | 2Mom MM
11 1
=51 + % 4o+ Sy
1

=1- oM—m"

Therefore lim sup |[f™(z)— f™(y)] > 1. But lim sup |f™(z)— f"(y)] > 1 is possible. Hence

m—r o0 m—>0o0
lim sup |f™(z) — f™(y)| = 1. Using the property of result (2). We can similarly prove

m—r o0

lim sup [f"(@) ~ "W =1 and T inf_|f"(x) ~ f"(5)| = 0.

n—00

Thus S is a scrambled set for f.
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(3). Let S1 consist of those z € S requiring no more then one wedge in the representations. We define from S; to A x A.
i.e if z € Si there exists a unique r,s € A such that x = z,,. The map associate to x this (r,s) € A. Let
Ar =AxA{(rs):r<st={(r,s) EAxA:r<s}. Then Ay is a G5 set of cardinality ¢ in the complete space R
Then (2n, sn) — (r,s) is Ay if and only if x, — = € S1 where x, = 2w, ., and x = x.,,,. Therefore S is homeomorphic

to Aj. Similarly if
Sp = {:c 1T = Ty Where w = W5y U+ - Uwy,s, with 1 <s1 <--- <ry < s, consits of n wedges}.

Therefore S, is hiomeomorphic to A, where A, = {(ris1.7282...7p8n) 171 < 81 < -+ < 7rpn < Sn} and ri.sp € A for

k=1,2,...,n. Therefore S, is Gs set, as S = |J Sn. S is Gs,. Sy is now dense because z with long strings of 0,s and
n=1
1’s alternating in binary expansion cannot be in S,,. Since S is countable union of nowhere dense sets. S is of category.

Therefore S is first category Gs, subset of [0, 1].
O

Theorem 2.2. There exists a continuous function g : I — I such that the function g is strictly increasing on [0, 1/2] and

strictly decreasing on [1/2, 1] and corresponding scrambled set T has the following properties.
(1). T is Fy-set.

(2). p(T) = 1. where p(T) is Lebesgue measure of T.

Proof. We will construct a continuous function g satisfying

(1). g is strictly increasing on [0, 1/2]

(2). g is strictly decreasing on [1/2, 1]

Such that the constructed function g possesses a scrambled set T' of full measure .i e, u(7T") = 1. Let L be the lattice of
pairs of positive integers. Let £ € (0,1) be a fixed irrational number. Let A be the family of positive, finite slopes of
all rays emanating from (0,£). Lying in the first quadrant, and containing no points of L. If r,s € A with r < s, let
wrs = {(z,y) € L:rz+& <y <sx+E}. Let L be enumerated diagonally l1,1s, ... as follows (1,1), (1,2), (2,1), (1,3), (2,2),
(3,1), (1,4), (2,3),...

Let W be the system of finite union of wedges, Thus an element of W consists of the union of finite number of wedges.
WrysyyWrgasg «« - Wry, s, r <81 <1r2<82<...7p < 8p-

Now to each w € W, w associate that number z,, € [0, 1] whose binary has a 1 in the it" position if and only if the i*" lattice

point [; is in w. O
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