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1. Introduction

In 1970, Levine [6] introduced the notion of generalized closed (briefly g-closed) sets in topological spaces. Veerakumar [18]
introduced the notion of g*-closed sets in topological spaces. Recently, many variations or generalizations of g-closed sets
[1, 2, 7, 12] and g*-closed sets [3, 9, 15-17] are introduced and investigated. By combining a topological space (X, 7) and an
ideal Z on (X, 7), Ravi et al. [14] introduced the notion of Zg+-closed sets and investigated the properties of Zy+-closed sets.
In this paper, we introduce the notion of Z,, x-closed sets. In Sections 3 and 4, we obtain some basic properties and
characterizations of Z,, #-closed sets. In the last section, we define several new subsets in ideal topological spaces which lie

between x-closed sets and Z,«-closed sets.

2. Preliminaries

Definition 2.1 ([13]). A subfamily mx C p(X) is said to be a minimal structure (briefly, m-structure) on X if 0, X € mx.
The pair (X, mx ) is called a minimal space (briefly m-space). Each member of mx is said to be m-open and the complement
of an m-open set is said to be m-closed.

Notice that (X, mx, I) is called an ideal m-space.
Remark 2.2. Let (X, 7) be a topological space. Then mx =71, SO(X) and SPO(X) are minimal structures on X.

Definition 2.3. Let (X, mx ) be an m-space. For a subset A of X, the m-closure of A and the m-interior of A are defined
in [8] as follows:
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(1). m-cl(A) =n{F:ACF, FF € mx},

(2). m-int(A) =U{U: UC A, U€ mx}.

Lemma 2.4 ([5]). Let (X, 7, ) be an ideal topological space and A, B subsets of X. Then the following properties hold:
(1). AC B= A* C B,

(2). A*=cl(A*) C cl(A),

(3). (A")" C A%,

(4). (AU B = A* U B,

(5). (An B)* C A* N B*.

Theorem 2.5 ([14]). Let (X, 7, Z) be an ideal topological space. Then every g*-closed set is an Lg+-closed set but not

conversely.

Definition 2.6 ([10]). Let (X, 7) be a topological space and mx an m-structure on X. A subset A of X is said to be
(1). mg*-closed if cl(A) C U whenever ACU and U € mx,

(2). mg*-open if its complement is mg*-closed.

The family of all mg*-open sets in X is an m-structure on X and it is denoted by mg*O(X).

3. 1I,,+-closed Sets

In this section, let (X, 7, Z) be an ideal topological space and mx an m-structure on X. We obtain several basic properties

of Z,,,#-closed sets.

Definition 3.1. Let (X, 7, Z) be an ideal topological space and mx an m-structure on X. A subset A of X is said to be
(1). Z,,4#-closed if A*CU whenever ACU and U is mg*-open,

(2). L, 4% -open if its complement is T, # -closed.

Remark 3.2. Let (X, 7, Z) be an ideal topological space and A a subset of X. If mg* O(X)=gO(X) (resp. 7, 7O(X), RO(X))

and A is L, #-closed, then A is said to be Zy«-closed (resp. Ly-closed, Ly q-closed, L;4-closed).
Proposition 3.3. Every mg™ -closed set is Z,,4# -closed but not conversely.

Proof. Let A be an mg#-closed, then cl(A)CU whenever ACU and U is mg*-open. By Lemma 2.4, A*Ccl(A). Hence A

is Z,,, ,#-closed. O

Example 3.4. Let X={a, b, ¢}, 7={¢, X, {b}, {a, c}}, T={s, {c}} and mx={¢, X, {c}}. Then mg”*-closed sets are ¢, X,
{b}, {a, b} and {a, c}; and T, j»-closed sets are ¢, X, {b}, {c}, {a, b}, {a, ¢} and {b, c}. It is clear that {c} is T, #-closed

set but it is not mg” -closed.
Proposition 3.5. Let gO(X)Cmg* O(X). Then every L, #-closed set is Ly« -closed but not conversely.

Proof.  Suppose that A is an Z,, #-closed set. Let ACU and UegO(X). Since gO(X)C mg*O(X), A*CU and hence A is
Zg+-closed. O
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Example 3.6. Let X ={a, b, ¢}, 7={¢, X, {c}, {b, ¢}}, Z={¢, {a}} and mx ={¢p, X}. Then mg*-open sets are the power
set of X; g-open sets are ¢, X, {b}, {c} and {b, c}; L, #-closed sets are ¢, X, {a} and {a, b}; and Ty«-closed sets are ¢,

X, {a}, {a, b} and {a, c}. It is clear that {a, c} is Ty«-closed set but it is not T, +-closed.

Remark 3.7. Let gO(X)Cmg* O(X). Then we have the following implications for the subsets stated above.

closed ——— mg?-closed —— g*-closed

! l |

x-closed ——— I, #-closed ——— ZLg+-closed

The implications in the first line are known in [11]. The three vertical implications follow from Proposition 3.3, Theorem
2.5 and Lemma 2.4(2). Tt is obvious that every *-closed set is Z,,,#-closed and by Proposition 3.5, every Z,, #-closed set is

Ty+-closed.
Lemma 3.8 ([4]). Let {Ax : AeA} be a locally finite family of sets in (X, 7, ). Then Uxen Ax=(Uxen4r)*.

Proposition 3.9. If {4y : AeA} is a locally finite family of sets in (X, 7, T) and Ax is L, #-closed for each A\EA, then

(UsenAx) is L, % -closed.

Proof. Let (UxeaAx)CU where U is mg*-open. Then A,\CU for each A€EA. Since A, is T, 4#-closed for each AeA, we

have A3CU and hence UxeaA3CU. By Lemma 3.8, (UxeaAx)*CU. Hence (UxenAn) is Z,,,#-closed. O
Corollary 3.10. If A and B are Z,, ,#-closed sets in (X, 7, Z), then AUB is T, 4#-closed.

Proof. Let AUBCU where U is mg*-open. Then ACU and BCU. Since A and B are T, 4#-closed, then A*CU and B*CU
and so A*"UB*CU. By Lemma 2.4, (AUB)*=A*UB*. Hence AUB is Z,, #-closed. O

Definition 3.11 ([11]). An m-structure mg* O(X) on a nonempty set X is said to have property J if the union of any family

of subsets belonging to mg* O(X) belongs to mg* O(X).

Example 3.12. Let X={a, b, ¢}, 7={¢, X, {c}, {b, ¢}} and mx = {¢, X, {c}}. Then mg”*-open sets are ¢, X, {a}, {b},

{c}, {a, ¢} and {b, c}. It is shown that mg* O(X) does not have property J .

Proposition 3.13. Let gO(X)Cmg* O(X) and mg* O(X) have property J. If A is L, 4 -closed in (X, 7, T) and B is closed
in (X, 7), then ANB is L, #-closed.

Proof. Let ANBCU where U is mg*-open. Then we have ACUU(X—B). Since 7CgO(X) C mg*O(X) and so UU(X—B) is
mg*-open. Since A is Z,, ,#-closed, then A* CUU(X—B) and hence A*NBCUNBCU. By Lemma 2.4, (ANB)*CA*NB*. Since

TC7*, B is #-closed and B*CB. Therefore, we obtain (ANB)*CA*NB*CA*NBCU. This shows that ANB is Z,,, #-closed. O
Proposition 3.14. If A is 7, #-closed and ACBCcl*(A), then B is 1, 4 -closed.

Proof. Let BCU where U is mg*-open. Then ACU and A is I, #-closed. Therefore A*CU and

m

B*Cel*(B)Ccl*(A)=AUA*CU. Hence B is Z,, #-closed. O

Proposition 3.15. A subset A of X is Z,, ,#-open if and only if FCint* (A) whenever FCA and F is mg*-closed.
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Proof. Suppose that A is Z,,,#-open. Let FCA and F be mg*-closed. Then X—ACX~F and X—F is mg*-open. Since
X—Ais T, #-closed, then (X—A)*CX~F and X—int*(A) =cI*(X—A)=(X—-A)U(X—A)*CX~F and hence FCint*(A).

Conversely, let X—ACG where G is mg*-open. Then X—GCA and X—G is mg*-closed. By the hypothesis, we have
X—~GCint*(A) and hence (X—A)*Ccl*(X—~A)= X~int*(A)CG. Therefore, X—A is Z,, #-closed and A is Z,, #-open. O

Corollary 3.16. Let gO(X)Cmg*O(X) and mg* O(X) have property J. Then the following properties hold:

(1). Every %-open set is T, 4 -open and every I, «-open set is Ly«-open,

(2). If A and B are L, ,#-open, then ANB is L, 4 -open,

(3). If A is Z,, 4 -open and B is open in (X, 7), then AUB is T, 4 -open,

(4). If A is T, #-open and int* (A)CBCA, then B is T, 4 -open.

Proof.  This follows from Remark 3.7, Propositions 3.13 and 3.14 and Corollary 3.10. O

Lemma 3.17 ([11]). Let (X, mg*O(X)) be an m-space and A a subset of X. Then z€mg*-cl(A) if and only if UNA#¢ for

every Uemg* O(X) containing .

Lemma 3.18 ([11]). Let X be a nonempty set, mg* O(X) an m-structure on X and mg* O(X) have property J. For a subset

A of X, the following properties hold:
(1). Aemg*O(X) if and only if mg*-int(A)=A,
(2). A is mg*-closed if and only if mg*-cl(A)=A,

(3). mg*-int(A)emg* O(X) and mg*-cl(A) is mg*-closed.

4. Characterizations of 7, «-closed Sets

In this section, let (X, 7, Z) be an ideal topological space and mg*O(X) an m-structure on X. We obtain several characteri-

zations of Z,,  #-closed sets.

Theorem 4.1. For a subset A of X, the following properties are equivalent:
(1). Ais 1, 4-closed,

(2). " (A)CU whenever ACU and U is mg*-open,

(3). cl* (A)NF=¢ whenever ANF=¢ and F is mg*-closed.

Proof.  (1)=>(2) Let ACU where U is mg*-open. Then by (1), A* CU and cl*(A)=AUA* CU.

(2)=-(3) Let ANF=¢ and F be mg*-closed. Then ACX—F and X—F is mg*-open. By (2), cI*(A)CX—F. Hence cl*(A)NF=¢.
(3)=(1) Let ACU where U is mg*-open. Then AN(X—U)=¢ and X—U is mg*-closed. By (3), cI*(A)N(X—-U)=¢ and so
A*Ccl*(A)CU. Hence A is Z,,, ,#-closed. O

Definition 4.2. Let (X, 7) be a topological space, mg* O(X) an m-structure on X and A a subset of X. The subset Amg+ (A)
is defined as follows: Amg (A)=N{U : ACU, Ue mg*O(X)}.

Theorem 4.3. A subset A of X is 1, 4 -closed if and only if cl* (A)CAmg= (A).
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Proof.  Suppose that A is Z,, ,#-closed. If X Amg«(A), then there exists Uemg*O(X) such that ACU and x¢U. Since A
is Z,,,#-closed, by Theorem 4.1, cI*(A)CU and hence x¢ cl*(A). Hence we obtain cl*(A)CAmg+ (A).

Conversely, suppose that clI*(A)CAmgr (A). Let ACU and Uemg*O(X). Then cl*(A)C Apmgr (A)CU. By Theorem 4.1, A is
7

mg#-closed. O

Theorem 4.4. Let gO(X)Cmg*O(X) and mg*O(X) have property J. For a subset A of X, the following properties are

equivalent:

(1). Ais 1, 4-closed,

(2). A*—A contains no nonempty mg*-closed set,
(3). A*—A is T, #-open,

(4). AU(X—A*) is T, 4 -closed,

(5). cl*(A)—A contains no nonempty mg*-closed set,
(6). mg*-cl({z})NA#P for each z€ cl* (A).

Proof.  (1)=(2) Suppose that A is Z,,,«-closed. Let FCA*—A and F be mg*-closed. Then FCA* and FZA. We have
ACX—F and X—F is mg*-open. Therefore A*CX—F and so FCX—A*. Hence FCA*"N(X—A")=¢.

(2)=(3) Let F C A* —A and F be mg*-closed. By (2), we have F=¢ and so FCint*(A* —A). By Proposition 3.15, A*—A
is Z,,, ,#-open.

(3)=(1) Let ACU where U is mg*-open. Then X—UCX—-A = A*N(X-U)CA*"N(X—A) =A"—A. Since A* is closed in
(X, 7) and hence A* is g-closed in (X, 7). Since every g-closed set is mg*-closed and so A* is mg*-closed. Since
mg*O(X) has property J, then A*N(X-U) is mg*-closed and by (3), A*—A is Z,, #-open. Therefore by Proposi-
tion 3.15, A*N(X—U)Cint*(A*—A) = int*(A"N(X—A)) = int*(A")Nint*(X—A) = int* (A*)N(X—cl*(A))CA*"N(AUA™)® =
A*N(A°N(A*)?) = ¢ and hence A*CU. Hence A is Z,,, .»-closed.

(3)<(4) This follows from the fact that X—(A*—A)=XN(A*NA)® = XN((A*)°UA) = (XN(A*))U(XNA) = AU(X—A").
(2)<(5) This follows from the fact that cI*(A)—A=(AUA*)—A = (AUA*) NA° = (ANA°)U(A™NA®) = A'NA° = A*—A.
(1)=(6) Suppose that A is Z,, «-closed and mg*-cl({x})NA=¢ for some x€cl*(A). By Lemma 3.18, mg*-cl({x}) is mg*-
closed. We have ACX—(mg*-cl({x})) and X—(mg*-cl({x})) is mg*-open. Therefore by Theorem 4.1, clI*(A)CX—(mg*-
cl({x})) €X—{x}. This contradicts that x€cl*(A). Hence mg*-cl({x})NA#¢ for each xecl*(A).

(6)=-(1) Suppose mg*-cl({x})NA#¢ for each xccl*(A). We have to prove that A is Z,, «-closed. Suppose A is not Z,, -
closed. Then, by Theorem 4.1, ¢#cl*(A)—U for some mg*-open set U containing A. There exists x€cl*(A)—U. Since x¢U,
by Lemma 3.17, mg*-cl({x})NU=¢ and hence mg*-cl({x})N A C mg*-cl({x})NU=¢. This shows that mg*-cl({x})NA=¢ for

some x€ cl*(A). This is a contradiction. Hence A is Z,, ,#-closed. O

Corollary 4.5. Let gO(X)Cmg*O(X) and mg* O(X) have property J. For a subset A of X, the following properties are

equivalent:
(1). A is L, ,#-open,
(2). A—int* (A) contains no nonempty mg*-closed set,

(8). mg*-cl({z})N(X—A)#¢ for each xe X—int*(A).
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Proof. This follows from Theorem 4.4. O

Theorem 4.6. Let gO(X)Cmg* O(X) and mg* O(X) have property J. A subset A of X is T, #-closed if and only if A=F—N

where F is x-closed and N contains no nonempty mg*-closed set.

Proof. If A is T, #-closed, then by Theorem 4.4, N=A*—A contains no nonempty mg*-closed set. If F=cl*(A), then
AUA*=cl*(A)=F and by Lemma 2.4, we obtain F*=(AUA*)*=A*"U(A*)*CA*UA=F. Therefore F is x-closed such that
F—N=(AUA")— (A*—A)=(AUA")N(A"NA°)® = (AUA")N(AU(A™))=AU(A"N(A")°)=A.

Conversely, suppose A=F—N where F is x-closed and N contains no nonempty mg*-closed set. Let U be an mg*-open set
such that ACU. Then F—NCU =FN(X—U)CN. Since A* is mg*-closed and hence A*N(X—U) is mg*-closed. Since ACF and
F*CF, then A*"N(X~U)CF*N(X~U)CFN(X~U)CN. Therefore, A*N(X—~U)=¢ and so A*CU. Hence A is Z,, ;#-closed. [

5. New Forms of Closed Sets in Ideal Topological Spaces

By gO(X) (resp. 1GO(X), RGO(X), aGO(X), 1GaO(X), RaGO(X)), we denote the collection of all g-open (resp. wg-open,
rg-open, ag-open, Tga-open, rag-open) sets of a topological space (X, 7). These collections are m-structures on X. By the

definitions, we obtain the following diagram:

Diagram I
g-open —— Tg-open —— TG-OpeEN

l ! l

ag-open ——— Tga-open ———— Trag-Open

For subsets of an ideal topological space (X, 7, Z), we can define new types of closed sets as follows:

Definition 5.1. A subset A of an ideal topological space (X, 7, L) is said to be Lgx-closed (resp. Lrqq-closed, Lrqq-closed,
Tagg-closed, Trga-closed, Trag-closed) if A*C U whenever ACU and U is g-open (resp. mg-open, rg-open, ag-open, mga-open,

rag-open) in (X, 7).
By Diagram I and Definition 5.1, we have the following diagram:

Diagram IT
Zgr-closed <——— Irgg-closed +—— Z,gg4-closed

I I I

Tagg-closed «+——— Lrgq-closed <——— Zrqag-closed +——— x-closed
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