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1. Introduction

It is well known that the metric fixed point theory is still very actual, important and useful in all areas of mathematics. It
can be applied for instance, in variational inequality, optimization, dynamic programming, periodic boundary condition and
approximation theory and so on.

The well-known Banach contraction theorem plays a major role in solving problems in many branches in pure and applied
mathematics. The Banach contraction mapping is one of the pivotal results of analysis. It is a famous tool for solving
existence problems in various fields of mathematics. There are a lot of generalizations of the Banach contraction principle
in the literature [2, 3, 11]. Ran and Reurings [11] extended the Banach contraction principle in partially ordered sets with
some applications to linear and nonlinear matrix equations. Nieto and Rodriguez-Lopez [10] extended the result of Ran and
Reurings and applied their main theorems to obtain a unique solution for a first order ordinary differential equation with
periodic boundary conditions.

In the year 1987, Guo and Laksmikantham [4] introduced the notion of coupled fixed point. In 2006 Bhaskar and Laksh-
mikantham [1] reconsidered the concept of a coupled fixed point of the mapping F' : X x X — X and investigated some
coupled fixed point theorems in partially ordered complete metric spaces. Bhaskar and Lakshmikantham also proved mixed
monotone property for the first time and gave their classical coupled fixed point theorem for mapping which satisfy the

mixed monotone property. As, an application, they studied the existence and uniqueness of the solution for a periodic
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boundary value problem associated with first order differential equation. B. S. Choudhury, Meitya and P. Das [2] gave
coupled common fixed point theorem for a family of mappings. Many other results on coupled fixed point theory exist in the
literature, for more details, we refer the reader to [4, 5, 7, 8, 10]. The aim of this paper to study a unique common coupled
fixed point theorem for two pair of w-compatible self map satisfying rational contractive condition in metric spaces without
considering completeness of whole space. Our result generalizes and improves related results existing in the literature. Our
result generalizes and improves a theorem of Nashine and Zoran et. al. [8] in metric space setting. First we recall some

definitions used throughout the paper.

2. Preliminaries

Definition 2.1 ([5]). Let X be a nonempty set and let a mapping F : X x X — X. An element (z,y) € X x X is said to
be a coupled fized point of F if F(x,y) =z and F(y,z) =y.

1t is clear that (z,y) is a coupled fized point of F if and only if (y, z) is a coupled fized point of F.

Definition 2.2 ([4]). An element (z,y) € X x X is called

(a). A coupled coincident point of mappings F : X x X — X and f: X — X if fr = F(z,y) and fy = F(y,x).

(b). A common coupled fized point of mappings F: X x X = X and f : X - X if e = fo = F(z,y) andy = fy = F(y,x).
Definition 2.3 ([10]). The mappings F: X x X — X and f : X — X are called w-compatible if f(F(z,y)) = F(fz, fy)

and f(F(y,x)) = F(fy, fx) Whenever fx = F(z,y) and fy = F(y, ).

3. Main Results

The first result of the paper is as follows:
Theorem 3.1. Let (X,d) be a metric space. Let F,G: X x X — X and f: X — X be such that,

(a). For z,y,u,v € X,

A(F (2, ), G, 0) < Sd(Fz, fu) + d(Fy, o)) + BM(,9), (u,v)
+ 2, F,) + d o, Glus)) + d(Fy, Fly,2) + d(fv, (o, )
+ S 1S, Glu,0)) + d(fy, Glo,0) + d(fu, Fla,0) +d(fo, Fl, ), 1)

for all (z,y), (u,v) € X x X.

2+ d(fu, G(u,v)) + d(fv, G(v,u))
2+d(fz, fu) +d(fy, fv)

. Clu v 2+d(fz, F(z,y)) + d(fy, F(y, z))

d(fu, G(u, v))( 24 d(fx, fu) +d(fy, fv) }

M((z,y), (u,v)) = min {d(faz Fla.y))

And o, B,7,0 > 0 with oo+ B+ 2y + 26 < 1.
(b). F(X x X) C f(X) and G(X x X) C f(X),
(c). f(X) is a complete subspace of X and

(d). the pair (F, f) and (G, f) are w- compatible
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Then F,G and f have a unique common coupled fixed point in X x X. Moreover, the common coupled fixed point of F,G

and f have the form (u,u).

Proof. Let zo, yo be arbitrary points in X. From (b), there exist sequences {z,}, {yn}, {zn} and {w,} in X such that

F($2nay2n) = fx2n+1 = Z2n,
F(y2n, T2n) = fY2n+1 = Wan,
G(%2n+1,Y2n+1) = fTont2 = 22n+1, and

G(y2n+17 m277,«&»1) = fy2n+2 = W2n+1,

Now, we claim that, for neNg

1)
d(z2n+1, 22n) + d(Want1, Wan) < (%) [d(z2n, z2n—1) + d(Wan, Warn—1)] (3)
n=20,1,2..., we have
«o
d(F(x2n,y2n), G(T2n+1, y2n+1)) < E[d(fxzm fxant1) + d(fyan, fyani1)] + BM((T2n, Y2n), (T2nt1, Y2ni1))
+ %[d(fx2n7 F(z2n,y2n)) + d(f22n+1, G(T2n+1, Y2n+1)) + d(fy2n, F(Y2n, T2n))
0
+ d(fy2nt1, G(y2nt1, x2"+1))} + i[d(fx%u G(T2n+1,Y2n+1))

+ d(fy2n, G(yant1, Tant1) + d(frant1, F(T2n, Y2n)) + d(fy2ni1, F(Y2n, T2n))],

d(z2n+1, 22n) = d(F(22n,Y20), G(T2n+1, Y2n+1))

IN
s

[d(22n-1, 22n) + d(wan—1, w2n)] + BM ((T2n, y2n); (T2n+1, Y2n+1))

[d(z2n—1, 22n) + d(22n, 22n+1) + d(W2n—1, W2n) + d(W2n, Won+t1)]

+
N N2 o

[d(z2n-1, 22n+1) + d(W2n—1, Wan+1) + d(22n, 22n) + d(Wan, wan )], (4)

_|_

Where

24 d(gw2nt1, G(T2n41, Y2n+1)) + d(gy2n+1, GW2n+1, Tant1)))
2+ d(fr2n, gT2n+1) + d(fY2n, gy2n+1)
2 + d(fwon, F(w2n,y2n)) + d(fy2n, F(y2n, xzn))) }
2+ d(fran, gT2n+1) + d(fY2n, gY2nt1)
2 + d(22n, 22n+1) + d(Wan, Want1
2 4+ d(z2n—1, z2n) + d(Wan—1, Wan

(23, 2 ) 2+ d(z2n-1, 22n) + d(W2n—1, Wan)
a9y d(z2n—1, 22n) + d(Wan—1, Wan)

’

M((x2n,Y2n), (T2n+1, Y2n+1)) = min {d(fmzn, F(z2n,y2n))

d(972n+1, G(T2n+41, Y2n+1)) (

— min {d(zzn_l, Zan) ;

M ((x2n, y2n), (T2nt1, Y2nt1)) = d(22n, 22n11), (5)

On putting the value from Equations (5) in (4), we get

IN
|2

d(22n+17 z2n) [d(z2n717 ZQn) + d(w2n71> w2n)] + 5d(z2n7 Z2n+1)

[d(z2n—1, 22n) + d(22n, 22n+1) + d(Wan—1, Wan) + d(W2n, Won+1)]

+
NS N2 o

+

[d(z2n—1, 22n+1) + d(W2n—1, Want+1) + d(22n, 22n) + d(wan, wan)],
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By using triangle inequality, we get

IN
|2

d(z2n+1, 22n) [d(z2n—1, 22n) + d(Wan—1,w2n)] + Bd(z2n, 22n+1)

[d(z2n—1, 22n) + d(22n, 22n+1) + d(Wan—1,W2n) + d(Wan, Wan+1)]

+
NS N2 o

[d(z2n—1, 22n) + d(22n, 22n+1) + d(W2n—1, w2n) + d(W2n, W2rn+1)],

+

d(z2n+1, 22n) < %[d(?&nfl, zon) + d(Wan—1,wan)] + Bd(22n, 22n+1)

+4
+ %[d(mm, 2am) + d(22m, 22n11) + d(Wan—1, wan) + d(Wan, Wans1)]. (6)

Similarly using that
d(w2n+1>w2n) = d(F(y2n7$2n)7 G(y2n+17$2n+1)) = d(G(y2n+17x2n+1)7 F(yzm l‘zn))

and

M ((yan, Z2n), (Y2nt1, Tant1)) = d(Wan, Wani1),

We get

d(wan+1, wan) < %[d(wm—l,wzn) + d(z2n—1, 22n)] + Bd(wan, Wan+t1)
44
+ 2 [d(an—lv an) + d(w2n7 w2n+1) + d(ZQn—l, ZQn) + d(ZQn, Z2n+1)]- (7)

Adding (6) and (7), we have

a+vy+90

m)[d@?n, Z2n71) + d(w2n7 w2n71)}~

d(z2n+1, 22n) + d(Want1, w2n) < (

Thus (3) holds. Set 6, := d(z2n, zon—1)+d(W2n, wan—1),neN. And A := % < 1. Then, the sequence {8, } is decreasing
and 0, < A"p_1 <o < A",
which implies that

nlbnolo 6n - nll)n;o[d(z2"7 Zanl) + d(w2”’ w2nfl)] =0.

Thus,

lim d(z2n, 22n—1) = Oand lim d(w2n, wan—-1) = 0.
n— oo n— o0

It immediately follows; we shall prove that {z2,} and {ws,} are Cauchy sequences. For §,, > 0 and neNy. Then, for each
n > m we have

d(z2n, z2m) < d(22n, 22n—1) + d(22n-1, 22n—2) + - - - + d(22m+1, 22m)

And

d(wan, wom) < d(wan, Wan—1) + d(Wan—1, Wan—2) + « - - + d(Wam+1, Wam).

Therefore,

d(z2n, z2m) + d(Wan, Wom) < dp—1 + On—2+ -+ + Om

IN

(An_l-i-An_Q-f—----i-Am)(So
A™
1-A

IN

do
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Letting n,m — oo, which implies that limn,m—oo[d(22n, 22m) + d(Won, w2m)] = 0. Thus {z2,} and {w2, }are Cauchy
sequences in the metric space(X, d). Since0 < A < 1. Hence {z,} and {w, }are Cauchy sequences in the metric space(X, d).
Hence we have that lim,— e d(2n, 2m) = 0 and limy,— o0 d(wn, wm) = 0. Suppose f(X) is complete. Since {22} C f(X) and
{wa2n} C f(X) are Cauchy sequences in the complete metric space(f(X),d), it follows that the sequence {z2,} and {wan}

are convergent in (f(X),d). Thus

lim d(z2n,u) =0 (8)
n— oo

And
lim d(wan,v) =0 )
n—oo

For some u,vef(X). Since the pair (F,f) is w— compatible, we have fu = F(u,v) and fv = F(v,u). Suppose that

fu # vor fv # v. We have

d(fu,u) < d(fu, zon+1) + d(z2n+1,u)

IN
.

(F(u7 'U), G(x2n+17 y2n+1) + d(z2n+1a ’LL)

IN
e

[d(fu, z2n) + d(fv,wan)] + BM ((u,v), (Z2n+1, Y2n+1))

+ —[d(fu, F(u,v)) + d(22n, G(@2n+1, Y2nt1)) + d(fv, F(v,u)) + d(wan, G(Y2n+1, Tant1))]

N N2

[d(fu, G(z2nt1, Y2nt1)) + d(fv, G(Yzn+1, Tant1)) + d(22n, F(u,v)) + d(wan, F(v,u))] + d(22041, u)

+

2 + d(z2n, G(T2n+1,Y2n+1)) + d(wan, G(Y2n+1, T2n+1))
2+ d(fu, z20) + d(fv, w2n) ’
2+ d(fu, F(u,v)) +d(fv, F(v,u)) }
2+ d(fu, z2n) + d(fv, wan)

M((u,v), (2041, Y2n+1)) = min {d(f% F(u,v))

d(22n, G(T2n+1, Y2n+1))(

= d(fu, F(u,v))

We get
d(fu,u) < %[d( fu, 220) + d(fv, wan)] + Bd(fu, F(u, v))
+ %[d(fu, F(u,v)) + d(z2n, G(Z2n+1, y2n+1)) + d(fv, F(v,u)) + d(wan, G(Y2nt1, Tant1))]
+ g[d(fu’ G(T2n41, Yy2n+1)) + d(fv, G(Y2nt1, Tant1)) + d(22n, F(u,v)) + d(wan, F(v,u))] + d(22n+1, w).

Similarly we have

d(fv,v) < d(fv,want+1) + d(wan+1,v)

IN
.

(F(v,u), G(Y2n+1, Tan+1) + d(wan+1,v)

|2

d(fU7 U) < [d(fuv ZQn) + d(fvv wQH)} + Bd(fvv F(vv u))

+ —[d(fv, F(v,u)) + d(22n, G(z2n+1, Y2nt1)) + d(fu, F(u,v)) + d(wan, G(Y2nt1, Tant1))]

[d(fv, G(y2n+1, T2n+1)) + d(fu, G(T2nt1,Y2n+1)) + d(22n, F (v, u)) + d(wan, F(u,v))] + d(want1,v).

_|_
[CIESSI IS I

Hence

d(fu7 u) + d(f’l), ’U) < Oé[d(fu, 22”1) + d(f’l), wQ”)] + B[d(fuv u) + d(f’l), ’U)]

+ 2v[d(fu,u) + d(fv,v)] + 20[d(fu,u) + d(fv,v)]
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Letting n — oo, and using (8) and (9), we get

d(fu,u) +d(fv,v) < (a+ B+ 2y + 20)[d(fu,u) + d(fv,v)]

d(fu,u) + d(fv,v) < d(fu,u) + d(fv,v).

This is a contradiction. Hence fu = uandfv = v. Thus

F(u,v) = fu=u and F(v,u) = fv=wv. (10)

Since F(X x X) C f(X), there exists a,beX such that v = F(u,v) = fa and v = F(v,u) = fb.

=8

d(u, G(a, b)) (F(u,v),G(a,b))

IA
|2

[d(u, u) + d(v,v)] + BM((u, v), (a,b))

+

[d(u, F(u,v)) + d(u, G(a,b)) + d(v, F(v,u)) + d(v, G(b, a))]

_|_
O NI IR

[d(u, G(a,b)) + d(v, G(b,a) + d(u, F(u,v)) + d(v, F(v,u))]

d(u, G(a, b))

IN

Hence d(u,G(a,b)) = 0, which implies that G(a,b) = v = fa. Similarly we have G(b,a) = v = fb. Since the pair (G, f) is

w—compatible, we have fu = G(u,v) and fv = G(v,u). suppose that fu # uorfv # v. we have

d(u, fu) = d(F(u,v), G(u,v))

d(F(u, ), G(u,v)) < %[ (fu, fu) +d(fo, fo)] + BM((u, v), (u,v))
+ 2 ldu, P, )) + d(fu, G, ) + d(fo, F(v,0)) + d(Fo, G(o,w)]
+ A, G, ) + d(fo, Gv, ) + d(fu, F(u, ) + d(fo, P, ),

2+ d(fu, G(u,v)) + d(fv, G(v,u))
2+ d(fu, fu) +d(fv, fv) ’

d(fu, Glu,v) (2T C;(iudg‘%ffig i

M((u,v), (u,v)) = min {d(fu, F(u,v))

d(fv, F(v,u))
d(fv, fv)

}

M((u,v), (u,v)) =0

We get d(u, fu) = 0. This implies that u = fu. By using d(v, fv) = d(F(v,u

), G(v,u)), similarly we can get v = fv. Hence
fu = uandfv = v. Thus,

u= fu=G(u,v) and v = fv=G(v,u). (11)

), it follows that (u,v) is a common coupled fixed point of F, f and G. Let (u,v) be another common

coupled fixed point of F, f, G and g. We have

From (10) and (11

d(u,u) + d(v,v) < d(F(u,v),G(u,

[d(u, u) + d(v, v)] + BM (4, v), (u,v))

v)) + d(F(v,u),G(v,u))

\ Q

d(F(u,v),G(u,v)) <

+

[d(u, F(u,v)) + d(u, u) + d(v, F(v,u)) + d(v, v)]

—+

d(F(u,v),G(u,v

~—
~

+
N2 l\g\g

46

NS N2 o

[d(u,u) + d(v,v) + d(u, u) + d(v,v)],
[d(u, u) + d(v, v)] + B(d(u, u))

[d(u, u) +d(v,v)] + 5 [d(u,U)er(v,v)],
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Similarly we get
d(F(v,u),G(v,u)) < %[d(u, w) + d(v,v)] + B(d(v,v)) + %[d(u, w) + d(v,v)] + g[d(% w) + d(v,v)),
By adding both above inequality, we get
d(u,u) + d(v,v) < d(F(u,v),G(u,v)) + d(F(v,u),G(v,u))
< (a+ B+ 2y +20)[d(u,w) + d(v,v)]
< d(u,u) + d(v,v),

which is a contradiction. Hence (u,v) is the unique common coupled fixed point of F, f and G. Now we will show that

u = v. suppose u # v.

Hence u = v. Thusu = fu = F(u,u) = F(u,v) = G(u,u) = G(u,v), that is, the common coupled fixed point of f, F and G
has the form (u,u). O

By choosing «, 8,7 and § suitably, one can deduce some corollaries from Theorem 3.1. For example, if we take 8, 6 = 0 in

Theorem 3.1, then we obtain the following corollary.

Corollary 3.2. Let (X,d) be a metric space. Let F,G : X x X — X and f : X — X be such that

1. For z,y,u,v € X,

d(F(z,y), G(u,v)) < Sld(fz, fu) +d(fy, fo)] + %[d(f% F(z,y)) + d(fu, G(u,v)) +d(fy, F(y, ) + d(fv, G(v,u))],

(U)o}

for all (z,y), (u,v) € X x X. And o,y > 0 with a + 2y < 1.
2. F(X x X) C f(X) and G(X x X) C f(X),
3. f(X) is a complete subspace of X and

4. the pair (F, f) and (G, f) are w-compatible

Then f,F and G have a unique common coupled fixed point in X x X. Moreover, the common coupled fized point of f, F

and G have the form (u,u).

Corollary 3.3. Let (X,d) be a metric space. Let F,G : X x X — X be mapping such that

1. Forz,y,u,v € X,

|2

d(F(z,y), G(u,v)) [d(z,u) + d(y,v)] + BM((z,y), (u,v))

IN

[d(z, F(z,y)) + d(u, G(u, ) + d(y, F(y, z)) + d(v, G(v, u))]

_|_
N> 2 o

+

[d(z, G(u,v)) + d(y, G(v,u) + d(u, F(z,y)) + d(v, F(y, )],
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for all (z,y), (u,v) € X x X.

. 2 4+ d(u, G(u,v)) + d(v, G(v,u)) 2+ d(z, F(z,y)) + d(y, F(y, z))
M), ,0)) = min {do, P, 22O CL) i, g, 9 A E L 0l Pl |

and o, B,7v,0 > 0 with o+ B+ 25 + 2y < 1.
2. F(XxX)CX and G(X x X)C X,
Then FandG have a unique common coupled fized point in X x X.

Now a consequence of Corollary 3.3 by Taking F(z,y) = fx and G(u,v) = gu where f : X — X and g : X — X, is the

following;:
Corollary 3.4. Let (X,d) be a metric space. Let f,g: X — X be mapping such that

1. Forz,y,u,v € X,

|2

d(fz,gu) < 5 [d(z,u) + d(y,v)] + BM((2,y), (u,v)) + %[d(x, fz) +d(u, gu) + d(y, fy) + d(v, gv)]

+ S [d(x, gu) + d(y, gv) + d(u, fx) 4+ d(v, fy)],

IS

for all (z,y, (u,v) € X x X.

2+ d(u, gu) + d(v,gv)
2+ d(z,u) + d(y,v)

M((z,y), (u,v)) = min {d(az, fx)

,d(u, gu)( 2+ d(, fr) + dly, y) }

24 d(z,u) + d(y, v)
and o, B8,7v,8 > 0 with o + B+ 20 + 2y < 1.
2. f(X) C X and g(X) C X,
3. either f(X) or g(X) is a complete subspace of X
Then f and g have a unique common coupled fixed point in X.

Remark 3.5. Corollary 3.3. is the without ordered version of Nashine and Zoran’s [8] Theorem 2.8 and is extended for two

such mapping F,G : X x X — X in metric spaces.

Remark 3.6. Comparing the conditions in Theorem 3.1 and the conditions in Theorem 2.3 of Nashine and Zoran [8], we
see that our result is a generalization of (Theorem 2.3 and 2.4 in [8]) for coupled fized in metric space instead of Partially

ordered metric space for three maps.

Example 3.7. Let X = [0, +o00 then (X, d) is a metric space with the standard metric of real numbers. Let d(z,y) = |z —y|

and mapping F,G, f — X, defined by F(z,y) = 12;821’2, G(u,v) = % and fr = x? with the standard metric. It is easy

to check that all the condition of Theorem 3.1 are satisfied for o, 8,7,5 > 0 with a + 5+ 27+ 25 < 1 and now we will prove
that the pair (F, f) and (G, f) are w-compatible.

f(F(x,y)) = F(fx, fy) and f(F(y,x)) = F(fy, fz)

iUZ _ 2y2 1,4 + 4y4 _ 4x2y2 .T4 _ 2y4
PPy = (C 2 = SR AT < T (a2 = F(fa. )

And
y? — 22
18

B y4 Azt — 4y2z2 y4 _ ot
N (18)2 - 18

f(F(y,z)) = ( )?
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Then it is clear that (F, f) is w—compatible. And similarly we can prove that (G, f)is w—compatible.

f(G(u,v)) = G(fu, fo) and f(G(v,u)) = G(fv, fu)

2 g2 2 42 4 4
f(G(u,v)):f(zu 1841} ):(Zu 1841} )QS qu 18161) :G(uz,v2):G(fu,fv)

And
2 2 2 2 4 4
2v 4u ) 2v 4u )2 < 4v® — 16w

_ _ 2 2y
) = () < P = G0 u) = G, fu),

f(G(v,u)) = [(

Then it is clear that (G, f) is w—compatible. Now we prove that condition (1) is satisfied for o = %,B =0,y=0and =0
with o + B+ 27+ 26 < 1.

8
©
I
DN
<

2 B 2u? — 41}2'
18 18

|(2® —2u®) — 2(y* — 20%)|

d(F(z,y),G(u,v)) < |

<

<

(d(fz, fu) +2d(fy, fv))

(d(fz, fu) +d(fy, fv))
2

(d(fz, fu) +d(fy, fv))

2

[d(fz, fu) +d(fy, fv)]

IA
Solw &l = &l =

IN

IA

IN
N> NI o0 R o= =

[d(fz, fu) + d(fy, fo)l + BM((z,y), (u, v))
+ S ld(fz, F(z,y)) + d(fu, G(u,v)) + d(fy, F(y, ) + d(fv, G(v,u))]

+ 5 ld(fz, G(u, ) + d(fy, G(v,u) + d(fu, F(z,y)) + d(fv, F(y, )],

This, shows that all the hypothesis of Theorem 3.1 are satisfied. Therefore, we conclude that f, F, and G have a coupled

common fized point in X. This common coupled fized point is ((z,y), (u,v)) = (0,0).

4. Conclusion

In this paper, we get common coupled fixed point theorems and unique common coupled fixed point theorems for two pair

of w-compatible maps satisfying rational contractive conditions on complete metric space for three mapping.
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