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1. Introduction

Maki [11] in 1986 introduced the notion of A-sets in topological spaces. A A-set is a set A which is equal to its kernel
(= saturated set) i.e. to the intersection of all open supersets of A. Arenas et al. [1] introduced and investigated the
notion of A-closed sets by involving A-sets and closed sets. This enabled them to obtain some nice results. Caldas et al. [4]
introduced the notion of A-closure of a set by utilizing the notion of A-open sets defined in [1]. Jafari and Noiri introduced and
investigated the notions of contra-precontinuity [7], contra-a-continuity [8] and contra-super-continuity [9] as a continuation
of research done by Dontchev and Noiri [5, 6] on the interesting notions of contra-continuity and contra-semi-continuity
respectively. Caldas and Jafari [3] introduced and investigated the notion of contra-j3-continuous functions in topological
spaces.

In [5] Dontchev introduced and investigated a new notion of continuity called contra-continuity. Jafari and Noiri [7-9]
introduced new generalizations of contra-continuity called contra-a-continuity, contra-super-continuity, contra-precontinuity.
The objective of this chapter is to introduce and study the properties of new class of contra continuous functions via
the new sets called Ap-closed sets and has as purpose to investigate some properties of contra-Apg-continuous functions,

contra-BRC-continuous functions, contra-Bg-continuous functions by using Ag-open sets.

2. Preliminaries

Throughout this paper, (X, 7(Bx)), (Y, o(By)) and (Z, n(Bz))( briefly X, Y and Z) will denote simply extended topological

spaces.
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Definition 2.1. Levine [10] in 1964 defined 7(B) = {OU (O N B) : 0,0 € 7} and called it simple extension of T by B,

where B & 7. The sets in 7(B) are called B-open sets. And the complement of B-open set is called B-closed.
Definition 2.2 ([10]). Let S be a subset of a simply extended topological space X. Then

(1). The B-closure of S, denoted by Bcl(S), is defined as N {F : S C F and
Fis B-closed};

(2). The B-interior of S, denoted by Bint(S), is defined as U {F : F C S and
Fis B-open}.

Definition 2.3 ([12]). Let (X,7(B)) be a SETS and A C X. Then A is said to be
(1). B-semiopen if A C Bel(Bint(A));

(2). B-preopen if A C Bint(Bcl(A));

(3). B-a-open if A C Bint(Bcl(Bint(A)));

(4). BB-open if A C Bel(Bint(Bcl(A))).

The complement of B-semiopen (resp. B-preopen, B-a-open, BfB-open) is said to be B-semiclosed (resp. B-preclosed,

B-a-closed, BB-closed).

In this chapter, let us denote by o(7(B)) (or o) the class of all B-semiopen sets on X, by 7(7(B)) (or 7) the class of all
B-preopen sets on X, by a(7(B)) (or «) the class of all B-a-open sets on X, by S(7(B)) (or ) the class of all BG-open sets
on X.

Definition 2.4 ([14]). A subset S of X is called regular B-open if S = Bint(Bcl(S)). The complement of reqular B-open set
is called regular B-closed. The B-semi-closure of a subset A of X, denoted by B-scl(A), is the intersection of all B-semi-closed
sets of X containing A. The BB-closure of a subset A of X, denoted by BB-cl(A), is the intersection of all BB-closed sets of
X containing A. The B-semi-interior of a subset A of X, denoted by B-sint(A), is defined to be the union of all B-semi-open

sets contained in A.

Definition 2.5 ([12]). A function f: (X, 7(Bx)) — (Y, o(By)) is called
(1). B-continuous if f~*(V) is B-open in X, for every B-open set V of Y.
(2). B-precontinuous if f~*(V) €BPO(X), for every B-open set V of Y.
(3). B-a-continuous if f~(V) € BaO(X), for every B-open set V of Y.
(4). B-semi-continuous if f~*(V) € BSO(X), for every B-open set V of Y.
(5). BB-continuous if f~*(V) € BBO(X), for every B-open set V of Y.

Definition 2.6. A subset A of a space (X, 7(Bx)) is called B-g-closed set [2] if Bel(A) C U whenever A C U and U is

open in X. The complement of B-g-closed set is called B-g-open set.

Definition 2.7 ([13]). A subset S of a simply extended topological space (X, 7(Bx)) is called locally B-closed if A= PNQ

where P is B-open and @ is B-closed.
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3. Contra-)\g-continuous Functions

Definition 3.1. A function f: (X, 7(Bx)) — (Y, 0(By)) is called

(1). contra-BRC-continuous if (V) is regular B-closed in X for every B-open set V of Y

(2). contra-B-continuous if {1 (V) is B-closed in X, for every B-open set V of Y.

(3). contra-B-precontinuous if £~ (V) is B-preclosed in X, for every B-open set V of Y.

(4). contra-B-semi-continuous if f~*(V) is B-semi-closed in X, for every B-open set V of Y.

(5). contra-Ba-continuous if £~ (V) is Ba-closed in X, for every B-open set V of Y.

(6). contra-BB-continuous if f~*(V) is BB-closed in X, for every B-open set V of Y.

Definition 3.2. A Ap-set is a set A which is equal to the intersection of all B-open supersets of A.

Definition 3.3. A subset A of X is called Ap-closed if A = L N D, where L is a Ap-set and D is a B-open in X. The
complement of a Ap-closed set is called Ag-open. We denote the collection of all Ap-open sets (resp. Ap-closed sets) by

ABO(X) (resp. Ap-C(X)). We set ApO(X, z) ={U :x € U € ApO(X)} and A\pC(X, z) ={U : z € U € ApC(X)}.

Definition 3.4. The collection of all B-open (resp. B-closed, B-clopen) subsets of X will be denoted by BO(X) (resp. BC(X),
BCO(X)). We set BC(X, z)={V € BC(X) :x € V} for x € X. we define similarly BCO(X, z).

Definition 3.5. A function f: (X, 7(Bx)) — (Y, 0(By)) is said to be

(1). Ap-continuous if the inverse image of every B-closed set in Y is Ap-closed in X.

(2). BLC-continuous if the inverse image of every B-open set in Y is locally B-closed in X.
Definition 3.6. A function f: (X, 7(Bx)) — (Y, o(By)) is called

(1). contra-Ap-continuous if f~1(V) is Ag-closed in X, for every B-open set V of Y.

(2). contra-Bg-continuous if f~*(V) is Bg-closed in X, for every B-open set V of Y.

Definition 3.7. A point z in a simply extended topological space (X, 7(Bx)) is called a A\p-cluster point of A if every
Ag-open set U of X containing x such that ANU # ¢. The set of all Ap-cluster points is called the Ag-closure of A and is

denoted by B-clx(A).

Definition 3.8. A subset A, of a simply extended topological space X is said to be Ap-neighborhood of a point x € X if

there exists a Ag-open set U such that x € U C A,.

Definition 3.9. A simply extended topological space (X, 7(Bx)) is called a B-T> space if every Bg-closed subset of X is
B-closed.

Lemma 3.10. Let A, C and A; (i € I) be subsets of a simply extended topological space (X, T(Bx)). The following properties
hold:

(1). A is Ap-closed if and only if A = B-clx(A).

(2). A CB-cly(A).
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(3). If A C C, then B-clx(A) C B-clx(C).

(4). B-clx(A)) is Ap-closed.

Definition 3.11. A simply extended topological space (X, 7(Bx)) is said to be
(1). Ap-T1 /2 if every singleton is Ap-open or Ap closed.

(2). Ag-Ta if for any distinct pair of points z and y in X, there exist U € Ap O(X, z) and V € A\p O(X, y) such

that UNV =o.

(8). B-Ultra Hausdorff if for each pair of distinct points z and y in X there exist U € BCO(X,z) and V € BCO(X, y) such
that UNV =o.

Definition 3.12. Let A be a subset of a space (X, 7(Bx)). The set "{U € BO(X) : A C U} is called the B-kernel of A
and is denoted by B-ker(A).

Lemma 3.13. The following properties hold for the subsets A, B of a space X:
(1). € B-ker(A) if and only if ANF # ¢, for any F € BC(X, z).

(2). A C B-ker(A) and A = B-ker(A) if A is B-open in X.

(3). If A C B, then B-ker(A) C B-ker(B).

Theorem 3.14. Let f: (X, 7(Bx)) — (Y, o(By)) be a function from a simply extended topological space X into a simply

extended topological space Y. The following statements are equivalent.
(1). fis contra-Ap-continuous;
(2). the inverse image of each B-closed set in Y is Ap-open in X;

(8). for each point z in X and each B-closed set V in Y with f(x) € V, there ezxists a Ap-open set U in X such that x € U,

fo)cv;
(4). for every subset A of X, f(B-clx(A)) C B-ker(f(4)) ;
(5). for each subset B of Y, B-clx(f~(B)) C f~(B-ker(B)) ;

Proof.

(1) & (2) By Definition 3.3.

(2) = (3) Let € X and V be a B-closed set containing f(x). By (2), U = f~*(V) is Ap-open set containing x such that
f(U) C V. It follows from the fact that the union of any family of Ag-open sets is Ap-open.

(3) = (4) Let A be any subset of X. Suppose that y ¢ B-ker(f(A)). Then by Lemma 3.13, there exists V € BC(Y,y)
such that f(A)NV = ¢. For any =z € f 1(V), by (3) there exists U, € ApO(X,x) such that f(U,) C V. Hence
fANUL) C fF(A) N fU) C fF(A)NV = ¢ and ANU, = ¢. This shows that = ¢ B-cly(A) for any = € f~*(V). Therefore,
F71(V)N B-cla(A) = ¢ and hence VN f(B-cly(A)) = ¢. Thus y ¢ f(B-cly(A)). Consequently, we obtain f(B-cly(A)) C
B-ker(f(A)).

(4)= (5) Let B be any subset of Y. By (4) and Lemma 3.13, we have f(B-clx(f~*(B))) C B-ker(f(f~'(B))) C B-ker(B) and
B-cly(f~1(B)) C f~!(B-ker(B)).

(5) = (1) Let V be any B-open set of Y. Then by Lemma 3.13, we have B-clx(f~*(V)) C f~'(B-ker(V)) = f~(V) and
B-clh (f~H(V)) = £~ (V). This shows that f~*(V) is Ap-closed in X. O
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We have the following implications:

contra-\ g-continuity
contra-B-continuity — contra-Ba-continuity — contra-B pre-continuity

contra-B semi-continuity — contra-B S-continuity

Remark 3.15.
(1). The following Exzamples 3.16 and 3.17 show that Ap-continuity and contra-Ap-continuity are independent concepts.

(2). The following Examples 3.17 and 3.21 show that contra-Ap-continuity and contra-Bg-continuity are independent

concepts.

Example 3.16. Let X = Y ={ a, b, ¢}, 7 = {9, X, {a}} and Bx = {a, b}. Then 7(Bx) ={¢, X, {a}, {a, b}}. Let o
={¢, Y} and By = {a, b} then o(By) ={¢, Y, {a, ¢}}. Let f: (X, 7(Bx)) — (Y, o(By)) be an identity map. Then f is

AB-continuous but not contra-\pg-continuous.

Example 3.17. Let X =Y ={a, b, ¢}, 7 = {¢, X, {a}} and Bx = {a, b}. Then 7(Bx) = {¢, X, {a}, {a, b}}. Leto
= {9, Y} and By = {a,b} then o(By) = {9, Y, {a, c}}. Clearly AgO(X) = {¢, X, {a}, {c}, {a, b}, {a, ¢}, {b, c}}. Let
f: (X, 7(Bx)) — (Y, o(By)) be an identity map. Then f is contra-Ap-continuous but not Ag-continuous and also it is not

contra-Bg-continuous.

Remark 3.18. [t should be mentioned that every contra-B continuous function is contra-Bg-continuous and none of

implications in the above diagram are reversible as shown by the following Examples.

Example 3.19. Let X = Y ={ a, b, ¢}, 7 = {¢, X, {a}} and Bx = {a, ¢}. Then 7(Bx) = {¢, X, {a}, {a, c}}. Let
o ={¢, Y} and By = {a} then o(By) = {6, Y, {a}}. Let f: (X, 7(Bx)) — (Y, o(By)) be an identity map. Then f is

contra-\g-continuous but not contra-B-continuous.

Example 3.20. Let X =Y ={a, b, ¢}, 7 = {¢, X} and Bx = {a}. Then 7(Bx) ={¢, X, {a}}. Let o = {9, Y, {b}, {b,
c}} and By = {c} then o(By) = {¢, Y, {b}, {c}, {b, ¢}}. Let f: (X, 7(Bx)) — (Y, oc(By)) be an identity map. Then fis

contra-Ba-continuous but not contra-B-continuous.

Example 3.21. Let X = Y ={ a, b, ¢}, 7 = {¢, X, {a}} and Bx = {b}. Then 7(Bx) = {¢, X, {a}, {b}, {a, b}}. Let
o ={¢, Y} and By = {a} then o(By) = {¢, Y, {a}}. Let f: (X, 7(Bx)) — (Y, o(By)) be an identity map. Then f is

contra-B semi-continuous but not contra-B a-continuous.

Example 3.22. Let X = Y ={a, b, ¢}, 7 = {¢, X} and Bx = {a, b}. Then 7(Bx) = {9, X, {a, b}}. Let o = {9,
Y} and By = {a, ¢} then o(By) = {¢, Y, {a, ¢}}. Let f: (X, 7(Bx)) — (Y, o(By)) be an identity map. Then f is

contra-B-precontinuous but not contra-Ba-continuous.

Example 3.23. Let X =Y ={ a, b, ¢}, 7 ={¢, X} and Bx ={a, b}. Then 7(Bx) = {¢, X, {a, b}}. Letoc ={¢, Y} and
By ={a} theno(By) ={¢, Y, {a}}. Let f: (X, 7(Bx)) — (Y, o(By)) be an identity map. Then fis contra-BB-continuous

but not contra-B semi-continuous.

Example 3.24. Let X = Y ={ a, b, ¢}, 7 = {¢, X, {a}, {a, b}} and Bx = {b}. Then 7(Bx) = {¢, X, {a}, {b}, {a,
b}}. Let o0 ={¢, Y, {a}} and By = {c} then o(By) ={¢, Y, {a}, {c}, {a, ¢}}. Let f: (X, 7(Bx)) — (Y, o(By)) be an

identity map. Then f is contra-B [ precontinuous but not contra-B pre-continuous.

Theorem 3.25. For a simply extended topological space (X, 7(B)) the following conditions are equivalent:
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(1). X is a BTy, space.
(2). Every subset of X is Ap-closed.

Lemma 3.26. Let (X, 7(B)) be a BTi/o space and f : (X, 7(Bx)) — (Y, 0(By)). If f is contra-BB-continuous
( resp. contra-B-semi-continuous, contra-B-precontinuous, contra-Ba-continuous, contra-Bg-continuous), then f is

contra-\ g -continuous.
Theorem 3.27.
(1). The following statements are equivalent for a function f : (X, 7(Bx)) — (Y, o(By)).

(). fis BRC-continuous;
(#). fis contra-B-precontinuous and B-semi-continuous;
(i5i). fis contra-Ba-continuous and BB-continuous;

(iv). fis contra-B-continuous and BB-continuous;
(2). If f : (X, 7(Bx)) — (Y, o(By)) is BRC-continuous, then f is contra-Apg-continuous.
Proof.
(1). It is obvious.

(2). Every BRC-continuous function is contra-B-continuous and hence contra-Apg-continuous. O

4. A New Decomposition of contra-)\g-continuity

Lemma 4.1.

(1). Every locally B-closed set is Ap-closed;

(2). Every Ap-set is Ap-closed.

Lemma 4.2. A subset A C (X, 7(B)) is Bg-closed if and only if Bel(A)C Ap-set.

Lemma 4.3. For a subset A of a simply extended topological space (X, T(B)) the following conditions are equivalent:
(1). A is B-closed;

(2). A is Bg-closed and locally B-closed;

(3). A is Bg-closed and Ap-closed.

Proof.

(1)=(2) Every B-closed set is both Bg-closed and locally B-closed.

(2)=(3) Refer Lemma 4.1.

(3)=(1) A is Bg-closed. So by Lemma 4.2 Bcl(A)C Ap-set. Now A is Ap-closed, so by definition A = Apg-set N Bcl(A).
Hence A = Bcl(A), that is A is B-closed. O

Theorem 4.4. For a function f: (X,7(Bx)) = (Y,0(By)), the following conditions are equivalent:

(1). fis contra-B-continuous;
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. fis contra-Bg-continuous an -continuous;
2 3 tra-B 17 d BLC-conti
(3). fis contra-Bg-continuous and contra-\g-continuous.

Definition 4.5. Suppose that one point sets are closed in X. Then X is said to be regular if for each pair consisting of a

point z and a closed set C disjoint from x, there exist disjoint open sets containing x and C, respectively.

Theorem 4.6. If a function f : (X,7(Bx)) — (Y,0(By)) is contra-Ap-continuous and Y is B-regular, then f is

AB-continuous.

Proof. Let x be an arbitrary point of X and V an B-open set of Y containing f(x). Since Y is B-regular, there exists an
B-open set W of Y containing f(x) such that B-cl(W) C V. Since f is contra-Ag-continuous, so by Theorem 3.14, there exists

U € A\pO(X, z) such that f(U) C B-cI(W). Then f(U) C B-cl(W) C V. Hence f is Ap-continuous. O
Definition 4.7. A space (X, 7(B)) is said to be Ap S-space if every Ap-open subset of X is B-semi-open in X.

Definition 4.8. A subset S of a simply extended topological space (X, 7(B)) is called locally B indiscrete if every B-open

set is B-closed.

Theorem 4.9. If a function f: (X,7(Bx)) — (Y,0(By)) is contra-Ap-continuous and X is a Ap S-space ( resp. locally B

indiscrete ), then f is contra-B-semi-continuous ( resp. contra-B-continuous, B-continuous).

Theorem 4.10. If X is a simply extended topological space and for each pair of distinct points x1 and x2 in X, there exists
a map f of X into a B-Urysohn space Y such that f(x1) # f(x2) and f is contra-Ap-continuous at x1 and x2, then X is

AB-T>.

Proof. Let 21 and z2 be any distinct points in X. Then by hypothesis, there is a B-Urysohn space Y and a function
f: (X,7(Bx)) — (Y,0(By)), which satisfies the conditions of the Theorem. Let y; = f(z;) for i = 1,2. Then y1 # yo.
Since Y is B-Urysohn space, there exist B-open neighborhoods U,, and Uy, of y1 and y» respectively, in Y such that
Bel(Uy, )N Bcl(Uy, ) = ¢. Since f is contra-B-continuous at z;, there exists a Ag-open neighborhood W, of z; in X such that

f(Wx,) C B-cl(Uy,) for i = 1,2. Hence we get W, N Wa, = ¢ since Bcl(Uy, ) N Bcel(Uy,) = ¢. Hence X is Ap-To. O

Definition 4.11. Define the A\g-frontier of A, denoted by BFra(A), as B-Frx(A) = Bcla(A)\Bintx(A).

Equivalently BFrx(A) = Belx(A) N Bely(X\A).

Theorem 4.12. The set of points © € X which f: (X,7(Bx)) = (Y,0(By)) is not contra-Ag-continuous is identical with

the union of Ap-frontiers of the inverse image of B-closed sets of Y containing f(z).

Proof. Necessity: Suppose that f is not contra-Ap-continuous at a point x of X. Then there exists a B-closed set F' C Y
containing f(x) such that f(U) is not a subset of F for every U € AgO(X,x). Hence we have U N (X\f ' (F)) # ¢, for
every U € A\gO(X, ). Tt follows that x € Bely(X\f 1 (F)). We also have z € f~*(F) C Bela(f *(F)). This means that
z €EB-Fra(f~1(F)).

Sufficiency: Suppose that x €B-Fry(f~*(F)) for some F € BC(Y, f(z)). Now , we assume that f is contra-\p-continuous
at © € X. Then there exists U € ApO(X,z) such that f(U) C F. Therefore we have x € U C f~'(F) and hence

x € Bint\(f~'(F)) C X\ B-Fr\(f~!(F)). This is a contradiction. This means that f is not contra-) z-continuous. O

Definition 4.13. A topological space X is B-normal if and only if for every pair of distinct B-closed subsets Fy and F2 of X

and closed interval [a, b] of reals, there exists a B-continuous mapping f : X — [a,b] such that f(F1) = {a} and f(F>) = {b}.
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Corollary 4.14. If f is a contra-Ag-continuous injection of a simply extended topological space X into a B-Urysohn space

Y, then X is Ag-T>.

Proof.  For each pair of distinct points z1 and z2 in X, f is a contra-g-continuous function of X into a B-Urysohn spaces

space Y such that f(z1) # f(x2) since f is injective. Hence by Theorem 4.10, X is Ap-T%. O

Corollary 4.15. If fis a contra-\g-continuous injection of a simply extended topological space X into an B-Ultra space Y,

then X is Ap-T15.

Proof. Let z1 and z2 be any distinct points in X . Since f is injective and Y is B-Ultra space, f(z1) # f(z2), and there
exist Vi, Ve € BCO(Y) such that f(z1) € Vi, f(z1) € Vo and Vi N Vo = ¢. Then X; € f~1(Vi) € AgO(X) for i = 1,2 and
PV N f71(Va) = ¢. Thus X is Ap-Tb.

We say that the product space X = X1 X X2 X ... X X,, has property Py if A; a Ag-open set in a simply extended topological

space X;, fori=1,2,3,...,n, thenA; X Az X ... X A, is also Ag-open in the product space X = X1 X X2 X ... X X, . O
Theorem 4.16. Let f: (X1,7(Bx)) — (Y,0(By)) and g : (X2,7(Bx)) — (Y,0(By)) be two functions, where

(1). X = X1 X X2 have the property Py.

(2). Y is a B-Urysohn space.

(3). [ and g are contra-Ap-continuous.

Then {(z1,z2) : f(z1) = g(z2)} is Ap-closed in the product space X = X1 X Xa.

Proof. Let A denote the set {(z1,z2) : f(z1) = g(x2)}. In order to show that A is Ap-closed. We show that X; x X2 — A
is Ap-open. Let (x1,22) ¢ A. Then f(x1) # g(z2). Since Y is B-Urysohn space, there exist open neighbourhood Vi
and V2 of f(z1) and g(z2) such that Bel(Vi) N Bel(Vz) = ¢. Since fi(i = 1,2) is contra-Ap-continuous, f[l(Bcl(Vi))
is a Ap-open set containing z; in X;(i = 1,2). Hence by (1), f~'(Bcl(V1)) x g~ (Bcl(V2)) is Ap-open. Furthermore
(x1,22) € f~H(Bcl(11)) x gfl(Bcl(Vz)) C X1 x Xo — A. Tt follows that X; x X5 — A is Ag-open. Thus A is Ap-closed in

the product space X = X7 x Xo. O

Theorem 4.17. Let f : (X,7(Bx)) — (Y,0(By)) be a function and g : X — X X Y the bigraph function, given by

g(z) = (z, f(x)) for every x € X. Then [ is contra-\g-continuous if and only if g is contra-Ap-continuous.

Proof. Let x € X and let W be a closed subset of X x Y containing g(x). Then W N ({z} x Y) is closed in {z} x YV
containing g(x). Also {z} X Y is homeomorphic to Y. Hence {y € Y : (z,y) € W} is a closed subset of Y. Since f is
contra-Ap-continuous. U{f~'(y) : (z,y) € W} is a Ag-open subset of X. Further z € U{f *(y) : (z,y) € W} C g~ *(W).
Hence g~ (W) is Ag-open. Then g is contra-Ap-continuous.

Conversely, let F be a closed subset of Y. Then X x F is a closed subset of X x Y. Since g is contra-Ag-continuos, ¢~ (X x F)

is a Ag-open subset of X. Also g7 (X x F) = f~'(F). Hence f is contra-)p-continuous. O

Theorem 4.18. If f : (X,7(Bx)) — (Y,0(By)) is a contra-Ap-continuous function and g : Y — Z is a B-continuous

function, then go f : X — Z is contra-Ag-continuous.
Definition 4.19. A simply extended topological space X is said to be

(1). Ap-compact if every Ag-open cover of X has a finite subcover. (resp. A C X is Ap-compact relative to X if every cover

of X by Ap-open sets of X has a finite subcover).
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(2). strongly-BS-closed if every B-closed cover of X has a finite subcover. (resp. A C X is strongly-BS-closed if the subspace

A is strongly-B-S-closed.
(3). mildly-X\g-compact if every Ap-clopen cover of X has a finite subcover.

Recall that for a function f : (X,7(Bx)) = (Y,0(By)), the subset {(z, f(z)) : x € X} C X XY 1is called the bigraph of f
and ts denoted by BG(f).

Definition 4.20. A bigraph BG(f) of a function f : (X,7(Bx)) — (Y,0(By)) is said to be contra-Ap-closed if for each
(z,y) € (X xY)\BG(f), there exist U € A\pO(X) containing x and V € BC(Y') containing y such that (UxV)NBG(f) = ¢.

Lemma 4.21. BG(f) is contra-Ap-closed in X xY if and only if for each (z,y) € (X x Y)\BG(f), there exist U € ApO(X)

containing  and V € BC(Y) containing y such that f(U) NV = ¢.

Theorem 4.22. If f : (X,7(Bx)) — (Y,0(By)) is contra-Ap-continuous and Y is B-Urysohn space, then BG(f) is

contra-Bclosed in X x Y.

Proof. Let (z,y) € (X x Y)\BG(f), then f(z) # y and there exist B-open sets V, W such that f(z) € V, y € U and
B-cl(V)N B-cl(W) = ¢. Since f is contra-Ag-continuous, there exists U € ApO(X, z) such that f(U) N Bel(V). Therefore,
we obtain f(U)N B-cl(W) = ¢. This shows that BG(f) is contra-Ap-closed in X x Y. O

Theorem 4.23. Let X be a Ag-space. If f : (X, 7(Bx)) — (Y,0(By)) has a contra-Ap-closed graph, then the inverse image

of a strongly-Bs-closed set K of Y is B-closed in X.

Proof.  Assume that K is a strongly-BS-closed set of Y and x ¢ f~'(k). For each k € K, (z,k) ¢ BG(f). By Lemma 4.21,
there exist Ux € ApO(X,x) and Vi, € BC(Y, k) such that f(Ux) N Vi = ¢. Since {K NV : k € K} is closed cover of the
subspace K, there exists a finite subset Ko € K such that K C {Vi : k € Ko}. Set U = N{U : k € Ko}, then U is open
since X is Ap-space. Therefore f(U)N K = ¢ and U N f~*(k) = ¢. This shows that f~*(k) is B-closed in X. O

Theorem 4.24. If f : (X,7(Bx)) — (Y,0(By)) is contra-Ap-continuous and K is Ap-compact relative to X, then f(k) is

strongly-BS-closed in Y.

Proof. Let {H, : a € I} be any cover of f(k) by closed sets of the subspace f(k). For each o € I, there exists a closed
set Ko of Y such that Hy, = Ko N f(k). For each z € K, there exist a(z) € I such that f(z) € Kq(z). By Theorem 4.22
there exists Uy € ApO(X,z) such that f(U,) C Kq(x). Since the family {U, : « € K} is a Ap-open cover of K, there
exists a finite subset Ko of K such that K C U{f(Us) : ¢ € Ko}. Therefore, we obtain f(K) C U{Ks(z) : & € Ko}. Thus
f(k) ={Ha(z) : z € Ko} and hence f(k) is strongly-BS-closed in Y. O

Theorem 4.25. If f : (X,7(Bx)) — (Y,o0(By)) is contra-Ap-continuous and Ap-continuous surjective and X is

mildly-Ag-compact, then Y is compact.

Proof. Let {Vo. : a € I} be an open cover of Y. Since f is contra-BA-continuous and Xp-continuous, we have that
{f7Y(Va) : « € I} is Ap-open cover of X. Since X is mildly-Ap-compact, there exists a finite subset Ip of T such that

X =U{f ' (Va) : a € Ip}. Since f is surjective Y = U{V,, : a € Iy} and therefore Y is compact. O

Theorem 4.26. Let f : (X,7(Bx)) — (Y,0(By)) be a surjective B-preclosed contra-Ap-continuous function. If X is a

AB-space, then Y is locally B indiscrete.
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Proof. Let V be any open set of Y. By hypothesis, f is contra-Az-continuous and therefore f~(V) = U is Ap-closed in
X. Since X is a Ap-space, the set U is B-closed in X. Since f is B-preclosed, then V is also B-preclosed in Y. Now we have

Bcel(V) = Bel(Bint(V)) C V. This means that V is B-closed and hence Y is locally B indiscrete. O

Theorem 4.27. Let f : (X,7(Bx)) — (Y,o0(By)) be a contra-Ap-continuous function. If X is Ap-space, then f is

contra-B-continuous.
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